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EE5355 DISCRETE TRANSFORMS AND THEIR APPLICATIONS Dr. K. R. Rao

Comparison of various discrete transforms

This will not include the fast algorithms, separability, recursivity, orthogonality and fast
algorithms (complexity of implementation). These topics are described elsewhere in detail.
The focus is on their various properties. We will consider the random vector X is

generated by I-order Markov process. Correlation matrix R,, is where
X =(X, xl,---,xN_l)T , (X, X,+++, Xy, are the N random variables) generated by the I-order
Markov process,

pu)

XX

= [pj_k} , p =adjacent correlation coefficient, j,k=0,1,---,N -1

xN)  ———
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The covariance matrix [Z] in the data domain is mapped into the transform domain as
[i] . DOT stands for discrete orthogonal transform.
is  [%£]=[poT][z][DOT]"

—— —_— ) Y
(NxN) (NxN) (NxN)  (NxN)

Superscript T and * denote transpose and complex conjugate respectively.

When DOT is KLT, [i] is a diagonal matrix as all the transform coefficients in the KLT

domain are uncorrelated. For all the other DOT, residual correlation (correlation left
undone in the DOT domain) is defined as [5,6]

2 1 N-1 2
-8,
2 0 1 88 2
where ||Z]" is the Hilbert-Schmidt norm defined as |3| =N D [E ]

0 n=0
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For a 2D-random signal such as an image assuming row and column statistics are
independent of each other the variances of the (NxN) samples can be easily obtained. This
concept is extended for computing the variances of the (NxN) transform coefficients.
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1) Transform coding gain, G,
is defined as

ii&z
G _LNF " | _ Arithmetic Mean
T {Nl F Geometric Mean
~2
O-Ii
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where &7 is the variance of the ith coefficient in the transform domain. As the sum of the
variances in any orthogonal transform domain is invariant (total energy is preserved), G,
can be maximized by minimizing the geometric mean [1].

2) Variance distribution in the transform domain

It is desirable to have few transform coefficients with large variances (this implies the
remaining coefficients will have small variances, as the sum of the variances is invariant).
This variance distribution can be described graphically or in a tabular form for

N =8,16,32,--- and p =0.9,0.95,--- etc.

The compaction of the energy in few transform coefficients can be represented by the
normalized basis restriction error [2] defined as

N-1 )
Zo'kk
J =|km , m=0,1---,N-1

m N—
k
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Zakk
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where 6} are arranged in decreasing order.

3) Rate versus distortion (Rate-distortion) [2]
R, is the minimum average rate (bits/sample) for coding a signal at a specified distortion

D (mean square error) defined as

N —.

D=%k_OE[(xk—f<k)1

LN
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where X, is the reconstructed sample.

For a fixed average distortion D, the rate distortion function R, is

Plot R, vs D, for N =8,16,32,--- and p=0.9,0.95,---

4) Residual correlation

While the KLT completely decorrelates a random vector, other discrete transforms fall
short of this. An indication of the extent of decorrelation can be gauged by the correlation
left undone by the discrete transform. This can be measured by the absolute sum of the
cross covariance in the transform domain i.e.,

for N =8,16,32,--- as a function of p.

5) Scalar Wiener filtering [4]

Y+N A
Corrupted Inverse .
. — Transform —
signal transform
x+n Filtered
Filter signal
matrix
G

n additive noise
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Filter matrix G is optimized for a specific transform, such that the noise can be filtered.
Evaluate MSE = E (||5—X||2) for the discrete transforms for N =4,8,16,32,--- and p=0.9

and 0.95

6) Geometrical Zonal Sampling (GZS)

Original image Re.tain only a Reconstructed
(NXN) D fraction of the low ' 2-D image
— DOT frequenpy tran'sform inverse ——
[x] coefficients with the DOT [x]
(NXN) rest set to zero (NXN)

Geometrical zonal filter can be 2:1, 4:1, 8:1, or 16:1 (sample reduction) see Figure below
for 2:1 and 4:1 sample reduction in the 2D-DCT domain

(Passband) (Passband)
Retain Retain
Stopband (Stopband)
(S tof and) Set to zero
et to zero
2:1 Sample reduction 4:1 Sample reduction

Note that for 2D-DFT, the low frequency zones need to be appropriately identified.

The reconstructed images for various sample reductions can be obtained and a plot of the
normalized MSE vs various sample reduction ratios for all the DOT can be implemented.

l N-1N-1

2
N m=0 n=0

Normalized MSE =

E([x (m,n) (m,n)]z)
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7) Maximum Variance Zonal Sampling (MVZS)

In MVZS, transform coefficients with large variances can be selected for quantization and
coding with the remainder (transform coefficients with small variances) set to zero. At the
receiver side inverse operations are carried out resulting in the reconstructed signal or
image.

Original Reconstructed
image 2D 2-D image
— % MVZS - Q 3 VLC |=— VLD % Q7' ¥ Inverse > _ a
[x] bot DOT [X]
(NxN) (NxN)
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IDFT

[x] = [x(0), x(1), . . » x(N = 1)) is a random vector where x(0), x(1), .. ., x(N— 1) are the
N random vanables

Assume [x] is real. Covariance matrix of [x] is [ Z'].

[z‘] =E[(x- %) (x[_f)'] 1_ (4.77a)
au/)cm T w~ean
e X =E [x] =mean of [x] . 4 ““W’f o/le.
Xy — X
_ : x, — X, _ _ _
[(Z]=E : (X0 =%0o X =%, -, Xy, —Fy,) (4.77v)
(NXN) i Xy =Xy, ( ) K M) |
| NV )
The covariance matrix in data domain is
o :o 0’:1 O':z G:N—l
oh @i ok s+ oha|
[Z)= | 0% O3 on - O (4.77c)
_o;:l-l.o Opn Opaz O:I-I.N-l_

In [ 2 ], the diagonal elements are variances and off diagonal elements are covariances.

El(y- %) (- %)= 0} (j#Fk)
= covariance between x;and x;.

E[(x;- X,) (x- X;)] = o} = variance of x;.
The covariance matrix in the DFT domain is ( Q\,T)e W)WW /% waland
~)
1Bl - XHoe- Xy Cowplex condugole op eveb

NXP  (1xN) |
(NVN-E[%% x)([;;(x )] CE@-5"55/P-‘ )
=[FIEE[(x- %) (x- ) ][ F] & . d-DF T
=[A[ Z1[F] g"‘wb ﬂ:
X = FX x= F*XF- ‘4 = (
(Nu') Cov—ac‘/ﬂ”‘“"z '
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(4.78)

' ~2 ~2 ~2 ~2
: Oxio Ont ONetz *°° Onoan-
(N%N) L N-1.0 N-L} N-1,2 N-LN-1 |
In[ X7 ], the diagonal elements are variances, and the off diagonal elements are
covariances in the DFT domain.

~ol NL vandow V““”:“’(JM

For a 2-D (N x N) data array [x] given by
’

X0 Xor X2 " xoNa
X0 X X2 7t Xyna
XJ=| xpo Xy Xp v Xpag (4.79)

&NXN)

[ XN-10 Xwan Xnaz 0 Xnaw- ]

has N* covariances of which A? are variances. Evaluation of the A? variances can be
simplified by assuming independent row and column statistics.

Assume row and column statistics of the 2-D data are independent of each other. Let the
variances of elements of any row be (each row has the same statistics.)

{o;,,, Olr Onr ** Opna J,} in the data domain. 4
Similarly each column has the same statistics (not necessarily the same statistics of any
row.). {oé,c Opc Ohe *° Op, _N_,.c} in the data domain,

Then the variances of [x] are

_f 2 ' ] 5;33

Foor W
Siig | o : / o
Cr {C’goc Ohe Onc ** o':l-w-l.c} =A (4.80) Y \/)('
\ON-IN-1R _
ooy (XN
Let the 2-D DFT of [x] be [X'],

[xr (k,,k,)}-m [xtmm) 1 [F)
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(4.81)
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Let the variances of any row of [X] be F&m Opz Omr ** Owanar },. Similarly

let the variances of any column of [X*] be b:oc Ohe Ome Opan-c }

In section 3.4, it was stated that efficient data compression can be achieved by adopting a
bit allocation based on the variances of the transform coefficients. This concept is
described here in detail for the DFT. It is, of course, valid for any orthogonal transform.

Then the variances of [X*] are

[ =2 \ 7]
Owr
~2
Our ]
~ ~3 ~2 ~2 ~2
4 ;zk {Uooc Cliic Oxnc On-1N-1C J
\ON-1N-1R ) () X N) _
RGCALLE |
_ 2 R - ~ ~ ~3 -
(Cpr Fxc) (Cwr Oic (Cwur Onanac)
~2 ~2 2 ~2 ~2 o~
(Chr Tooc) ( Oir Onc (onr aN-l.N_-l.C)

(4.82)

~2 ~2 ~3 ~2 ~2
_(O'N-I.N—I.R Swc) (On.anar One) (GN-I,N-I.R

(NXN)

Quantization of transform coefficients can be based on their variances.

~2
ONaN-1C ) |

: T -1
2wA WA A =A

original. 2.0 .
1 207 v ©| Quantizer [ 1 7
image r 4 [ #xN)
v
L] Bit Allocation Matrix (BAM)
v=A WV AT Reconstructed
e oo oo o image *_z——
N xN)
Separable transform
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Transform is implemented on a block ~ by — block (N x N) basis.

By= # of bits allocated to transform coefﬁclent i,j, vp) g ol F(\(‘? AL \8 :

ij=01,..., N-1 / —
[ ] N Ao ~] fu 50‘6

o1 ~
By= B+-£logz G- N > Y log, &y,

=0 I=0

1 N-1 N-1

B=—3%" > B,=average bit rate.
N k=0 I=0

By~ log, &} f

Byis proportional to variance of transform coefficienct vy

# of quantization levels = 2%

If some transform coefficients have very low variances, then they can be replaced by
zeros. '

MVZS: Maximum variance zonal sampling

The covariance matrix in transform (orthogonal) domain Z‘ and in the data domam z
are related by

= [A) E[(x -z) (x- z)] A =141 [Z] (4] (a89)

Assume [A4] is real and unitary (normalized) [A) = [4]"

(mnmnr

[ ~2 ~2 ~2 7]
Ow On " Oona
~2 ~2 ~2
Oy Oy = Oynq

S]]
"

(4.85)

~2 ~2 ~2
| ONn-10 On-) °° ONawNa
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In any orthogonal transform domain the variances of a 2D data can be obtained based on
independence of row and column statistics (similar to the DFT) case. For the 1D data, the
variance distribution in the transform domain for I order Markov process is shown in
Table 4.1. Sum of the variances along any column is the same (energy invariance). The
normalized basis restriction error is: . Q
N-]
Sa 5.\

Jn=2t= ___  m=01,..,N-1 A (4.86)
| Q’ V)

N-1

2.5ix

k=0
In MVZS transform coefficients with large variances can be selected for quantization and
coding with remainder (those with small variances) set to zero. The bitstream
representing these coefficients are transmitted to the receiver and inverse operations i.e.,
decoding, inverse quantization, inverse transform etc., lead to reconstruction of the signal
or image.

Where G, are rearranged in nonincreasing order. See Fig. 4.22

Data
Wa'g'nT__' Transform MVZs Q YLC ]
Inverse
: ransh; Q! VLD .
{Recoastruction) T orm Channel
MVZS Transform Coding

(Threshold Sampling) Geometrical zonal sampling (GZS)
Replace MVZS by GZS

eep the transform coefficients in this zone and
_ set the rest to zero. See Figs. 4.23, 4.24, and 4.26

. Delete (set to zero)

2D Transform Domain
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Fig 4.22 Performance of different unita‘ry transforms with respect to basis restriction,
errors (Ju) versus the number of basis (m7) for a stationary Markov sequence

with N = 16, p = 0.95.

Fig. 4.23 Zonal filters for 2:1, 4:1, 8:1, 16:1 sample reduction. White areas are
passbands, dark areas are stopbands.

75



(e} 8: 1 sample teduction; 1d) 18: 1 sampie reduction.

| o o 13
Fig. 4.24 Basis restriction zonal filtered images in cosine transform domain @ T

Hadamard

5 ¢

L 3
e
i ’ Sine . Haar . ;j ‘5

Normalized MSE %
o

21" Hadarnard |
1 - Cosmoj K‘—T Q‘\/lg
‘e s . 2

Sample reductidn ratio

Fig. 4.25 Performance comparison of different transforms with respect to basis
restriction zonal filtering for 256 x 256 images.

G 2SS Ceomebncd 32:’7"”‘0‘/( /Mw,r)l"“j

76




{c) unitary OFT;

n s].:.:.

(o) Haar;

Fig. 4.26 basis restriction zonal filtering using different transforms with 4:1
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Correlation Coefficient

Residual correlation vs the correlation coefficient p for
N=32, I order Markov process
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Transform Coefficient

The variance distribution for various discrete transforms
for N=8 and p =0.9, I order Markov process.
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{b) phase;

{c) magnitude; {d) magnitude centered.

Figure 5.6 Two-dimensional unitary DFT of a 256 x 256 image.

c
Figure 5.7 Unitary DFT of images

(a) Resolution chart;

(b) its DFT;

(c) binary image;

(d) its DFT. The two parallel lines are due
to the ‘/* sign in the binary image.




Table 4.1 Variances o of transform coefficients of a stationary Markov sequence with

p =095and N=16.

Jransform Unitary
Lk KL Cosine Sine DFT Hadamard Haar Slant

12.442  12.406 11.160  12.406 12.406  12.406 12.406

0
1 1.946 1.943 1.688 1.100 1.644 1.644  1.904
2 0.615 0.648 1.352 0.292 0.544 0.487  0.641
3 0.292 0.295  0.421 0.139 0.431 0.487  0.233
3 0.171 0.174  0.463 0.086 0.153 0.144 0.173
5 0.114 0.114  0.181 0.062 0.152 0.144 0.172
6 0.082 0083  0.216 0.051 0.149 0.144  0.072
7 0.063 0.063  0.098 0.045 0.121 0.144 0.072
8 0.051 0.051 0.116 0.043 0.051 0.050  0.051
9 0.043 0.043 0.060 0.045 0.051 0.050  0.051
10 0.037  0.037  0.067 0.051 0.051 0.050  0.051
11 0.033 ~ 0.033 0.040 0.062 0.051 0,050  0.051
12 0.030 0.030  0.042 0.086 0.051 0.050 0.031
13 0.028 0.028  0.031 0.139 0.051 0.050  0.031
14 0.027 0.027  0.029 0.292 0.050 0.050 0.031
15 0.026  0.026  0.026 1.100 0.043 0.050  0.031

EAE iy Xyl

{' O .10

T CrrTTnTg
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Fig. 4.24 Distribution of variances of the transform coefficients (in decreasing order) a
stationary Markov sequence with N=16,p =0.95.
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