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Abstract-Due to the chaotic nature of multilayer perceptron
training, training error usually fails to be a monotonically
nonincreasing function of the number of hidden units. New
training algorithms are developed where weights and thresholds
from a well-trained smaller network are used to initialize a
larger network. Methods are also developed to reduce the total
amount of training required. It is shown that this technique
yields an error curve that is a monotonic nonincreasing function
of the number of hidden units and significantly reduces the
training complexity. Additional results are presented based on
using different probability distributions to generate the initial
weights.

I. INTRODUCTION

When multilayer perceptrons (MLPs) with different
numbers of hidden units are trained, the networks often have
a training error that is not a monotonically nonincreasing
function of the number of hidden units (V) as shown in Fig.
1. Thus, investigators often design many networks and save
the one with the minimum mean square error (MSE).
Alternate approaches adjust the initial seeds to control the
values of the assigned random numbers. This attempts to
avoid the problem by finding a set of seeds with decreasing
MSE for increasing number of hidden units. These “ad hoc”
solutions do not mitigate chaotic MLP training.

In this" paper we address solutions to these problems. In
section II, a formulation of the problem is presented. In
section III, dependently initialized networks are defined and
properties of these networks are developed. In section IV,
techniques are presented for training new hidden units for
these networks along with simulation results. Results using
different initial weight probability distributions are presented
in section V with a summary of the paper in section VI.

II.  PROBLEM FORMULATION

MLP training [1] is inherently dependent on network
initialization. Assume that a set of different size MLPs
(different N, values) are to be designed for a given training
data set [2]. Let Sy, be the set of all MLPs for that set having
N, hidden units and let E,,,(N,) denote the corresponding
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Fig. 1. Typical MLP nonmonotonic error curve.

training error of an initial network that belongs to Sy
Similarly, let E,(N,) denote the corresponding final training
error of a well-trained network. Let N, be the maximum
number of hidden units for which networks are designed.
Using this notation the design goal can be specified as
follows:

Goal: Choose a set of
{So,Sl,S2,...Sthax} SllCh that

Eint(o) 2 Eint(l) 2 Eint(z) Z . Eint(thax) (1
and train the network to minimize £,N;) such that

Ef(O)ZEf(l)ZEf(Z)Z...Ef(thax). (2)
An axiom follows that supports this goal.
Axiom: If E(N,) > E(N,~1), then the network having N,
hidden units is useless since the training resulted in a larger
more complex network with a larger or the same training
error. It should be noted that adding one hidden unit adds
one nonlinear activation, one threshold and N+M weights
where N is the number of inputs and M is the number of
outputs of the MLP. In general, we want to avoid useless
networks to reduce the amount of computation and reduce the
training error.

initial networks from



[II.  DEPENDENTLY INITIALIZED NETWORKS

For dependently initialized (DI) networks a series of
different size networks are designed with each subsequent
network having one or more hidden units than the previous
network. DI networks are useful for performing a thorough
analysis of network performance versus network size.

The flowchart for the basic DI network algorithm is shown
in Fig. 2. These networks [2] build on previously well-
trained networks. For DI networks, the numerical values of
the common subset of the initial weights and thresholds for
the larger network are the final weights and thresholds from
the well-trained smaller network. To design a DI network
requires an initial non-DI network of N, hidden units. Initial
starting networks can have any value for N, less than N,
and can be designed using several techniques.  After
designing the initial network, each subsequent network is a
DI network. The final weights, wy; for the well-trained
smaller network of size N,—p are used as the initial weights,
Win, for the larger DI network of size N,. In Fig. 2, RN(ind+)
is an array of random numbers used to store the initial
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Fig. 2. DI network design flowgraph.

weights and thresholds with the index of ind+ used to
indicate that the next random number from this array is
chosen for the specified weights or thresholds being
initialized.

The net control step in Fig. 2 changes the random initial
weights and thresholds in order to prevent activation
derivatives close to zero. Net control is implemented by
setting the hidden unit net function mean and standard
deviation to desired values my;; and G,, This requires
determining the mean m,(j) and the standard deviation G,(j)
of each hidden unit’s net function. For the jth hidden unit net
function (1 £ j < Ny) and the ith-augmented input (1 <i <
N+1), the input-to-hidden unit weights are adjusted as

wy i) Y Ot 3)
Oy 0)

with the hidden unit thresholds adjusted using

my () Opg
op G)
The initialization technique shown in Fig. 2 applies
whether the network of size N,—p is the initial starting non-DI
network or a previously trained DI network. For the new DI
network the new initial output weights are initialized with
values of zero. The initial error, E;,, for the larger network
with N, hidden units, N, training patterns, M desired outputs
(t,) for the p™ pattern and N+/ inputs (x,) for the p™ pattern is

Wiyi(,N+1) <= wy(G,N+1) +my, — “4)

. S ¥ Y% BT
mdl W = t )=y (i
t(Nh) Nv p=1 4 Nv p=li=1 P(l) yp,lnt(l h) ( )
N+1
i N= 2w 00 (1), (k) +
k=1
Ny—p N,
S W (127)- 0, () + S Wi () O (7) ()
/= j=N,-p+1
BoliN) = 3 fiNp) =
N+1 ) N -p N .
kzlwl’,oi(l,k}xp(k)-i- levah(l’]).Op,f(]) (7)
= F=

where ,.(i,N;) denotes the i"™ output of an initial network
having N, hidden units and y, «(i,N;—p) corresponds to the
final well-trained network having N,—p hidden units. Here,
Wroi(ik) and wy,,(ij) are the final weights from input-to-
output and hidden unit-to-output, respectively, for the well-
trained smaller network with N,—p hidden units. Outputs of
the j™ hidden unit, O,,0) and O, ;,(j), are defined similarly.
The jth hidden unit net function with weights from input-to-
hidden unit (wy,) is



N+1

net,(j) = thi(j,k)wp(k) I1<j<N,
k=1

®)

with the output activation for the pth training pattern, O,(j),
being expressed by
0,()=Fnet, (). ©

The sigmoidal function is typically chosen for the nonlinear
activation.

1

£(net , 7))

Properties of DI Networks: Based upon the design technique
of Fig. 2, DI network properties are:
(1) Ein(Ny < Ei(Ni—p)
(2) The E/«N,) curve is monotonic nonincreasing (i.e.,
E{(N)) < E{(Ny—p))
(3) Eu(Ny = E(N;—p).

Property 1 follows since E;,(N,) is equal to E(N,—p) and
E(Ny—p) < E;y(Ny—p) results from the implementation of the
training algorithm since the weights and thresholds during
training are not updated unless the error decreases from one
iteration to the next (i.e., Ejr < Ejrer_;). Property 2 follows
from the initialization shown in Fig. 2 and (5) - (7) where the
larger network has N, hidden units and the smaller network
has N,—p hidden units. The hidden units in the larger
network do not contribute to the error since the new output
weights and thresholds are initialized to zero resulting in
Yp,ine(tNi) =y, 1(i, Nj—p). Hence the training error is monotonic
nonincreasing since the weights and thresholds for a new

iteration are not updated unless E;;,, < E;.,—;. Property 3 also
follows from the initialization shown in Fig. 2 and (5) - (7)
where the output weights and thresholds for the larger N,
network are initialized to zero resulting in y, (i, N,) =
Vot Ni=D).

Typical results for DI networks using a fixed number of
iterations are shown in Fig. 3 for a data set consisting of eight
inputs, seven outputs, 1,768 training patterns and 1,000
testing patterns. This data is used in the process of inverting
the surface scattering patterns from an inhomogeneous layer
above a homogeneous half space where both interfaces are
randomly rough. These results are monotonic nonincreasing
and the testing performance is also very good.

IV. TRAINING NEW HIDDEN UNITS FOR DI NETWORKS

The previous designs of DI networks for fixed number of
iterations were based on training all weights when additional
hidden units are added. That procedure typically results in
the lowest value for E«N;) since maximum training is
obtained for the entire network (i.e., all weights are trained
every time new hidden units are added). A computationally
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Fig. 3. DI network monotonic error curve for 250 iterations.

more efficient approach to increasing the size of the network
is to retain the previous training and only train new hidden
units. If conjugate gradient (CG) training [3] is used and the
MSE is a quadratic function of all the weights, then the
required number of iterations (N;,,) equals the total number of
weights (N,,) where

N,,= Ny(N+M+1) + M(N+1). 11
This technique is implemented by training only the new
hidden units until the iteration number (i,) is greater than a
specified fraction, Q, of the number of weights. In actuality,
we use output-weight-optimization (OWO)/hidden-weight-
optimization (HWO) training [4,5] instead of CG. The two
training steps are:

Step 1: If i, <Q - N,, train only new hidden unit weights
Step 2: Ifi,> Q - N,, train all N, network weights

Thus for Q = 0.75 only the new hidden units are trained until
i¢ is greater than 0.75N,,. For Q = 0 all weights are trained for
every iteration.

Results are shown in Fig. 4 for three values of “Q.” The
techniques begin to converge as Q and N, increase with a
larger value of Q requiring a larger value of N, for
satisfactory performance. Values of Q of 0.85 or less gave
the same results as for the baseline case of O equal to zero.
This shows a technique for generating improved performance
of networks while significantly reducing the number of
multiplies required for each training iteration.

The computational savings of this new technique can be
found based on the number of multiplies per pattern (N,..)
which expresses the number of multiplies a fully trained MLP
requires to map an input vector to an output vector. This is
expressed as
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Fig. 4. DI network with reduced training iterations.

Nmuh‘:Nh(N-‘rM) + MN. (12)
Here, we are not counting some multiplies used in training,
such as those used in gradient calculations. This also does
not count multiplies to process the net functions into
sigmoids. That, in theory, can be done with very few
multiplies per sigmoid and is insignificant compared to N,
in (12). Since we set the number of iterations (V) equal to
the total number of weights (&,) as expressed by (11), an
upper bound on the total number of multiplies (M,,,,..) per
pattern during evaluations of output vectors is expressed by

Mupper = ]viteerult- (1 3)
When all weights and thresholds are retrained for every
iteration M,,,,., is a quadratic function of N,
MupperZN 112(N +M+ 1) (N +M) +
NyM@RN(N+M+1)+M) + M’N(N+1). (14)

Based on the new DI network training algorithm described in
Step 1 and Step 2, the reduced number of multiplies, M, .,
using this new algorithm is
Mred = Nmullﬂviler_ [Q]viter]) + (ZV+A4)[Q]VIK’K] (1 5)
where the notation [-] designates that the quantity inside the
brackets is rounded and it is assumed that each subsequent
network consists of only one additional hidden unit. This
results in the implementation of Step 1 adding only N+M
multiplies per iteration. In the limit as the number of
iterations approaches infinity, which based on the technique
used implies that the number of weights and hence the
number of hidden units approaches infinity, [ON.,.] — ONier
yielding a lower bound (3/,,,.,) on the number of multiplies
Mlower = (I_Q)Nmult]\/irer + Q(]\]+A4)I\Iite)‘- (16)
In (16), Q equal to zero reduces to the results in (13) and (14)
where all weights and thresholds are trained for every
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iteration. In (16), O equal to one would imply that only the
hidden units weights and thresholds are trained and the input
to output weights and thresholds are not trained. In general, a
network trained with a value of Q equal to one would
probably not be practical for most situations.

Fig. 5 shows the upper bound, lower bound and actual
number of multiplies for Q equal to 0.85 with similar results
shown in Fig. 6 for Q equal to 0.9. It can be seen that the
number of multiplies used by this new training algorithm
approaches the lower bound and is significantly less than the
total number of multiplies required to train all weights and
thresholds for every iteration. Fig. 7 shows the percentage
reduction in the number of multiplies for both values of Q. In
analyzing these results, it should be noted that a value of Q of
0.85 produced the same final mean square error for four or
more hidden units as was obtained for the case where all
weights and thresholds were trained for every iteration.
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Fig. 5. Reduced computational requirements for Q = 0.85.
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Fig. 6. Reduced computational requirements for Q = 0.90.



85
—— ——
.g 80 —— -
B3t -~
5 751 &
B
& 0%
§ 65 —8—(Q=0385
2 60 — +—Q=09
55 4 :
50 T T T T T T T T T T
1 2 3 4 5 6 7 8§ 9 10 11
Number of Hidden Units
Fig. 7. Percentage reduction in multiplies for new algorithm.
V. INITIAL WEIGHTS PROBABILITY DISTRIBUTIONS

Often Gaussian distributions are used to generate the initial
random weights and thresholds for an MLP. However other
choices for this probability distribution are possible. Two
additional choices were investigated for generating these
initial random weights and thresholds. Fig. 8 compares the
final MSE values for MLPs where the initial weights and
thresholds were generated with (1) a N(0,1) density, (2) a
U(-0.5,0.5) density and (3) a U(0,1) density. These results are
for the average of ten DI networks so that the results are
generalized from what would occur for a single DI network.
Initially the weights with the U(0,1) distribution converge
faster with the weights with the N(0,1) distribution
converging the slowest and the weights with the U(-0.5,0.5)
lying between these two values (Fig. 8 and Fig. 9). However,
for two or more hidden units, the weights with the N(0,1)
distribution begin to yield the lowest final mean square error
with the highest final mean square error occurring for the
weights with the U(0,1) distribution. This shows that the
OWO-HWO training algorithm is robust enough that the
random initial weights distributed U(0,1) can be adjusted to
produce reasonable performance results, but better
performance is obtained with other weight distributions.
Training using weights with a U(0,1) distribution has to
produce both positive and negative final weights, in general,
even though all of the initial values are only positive
numbers. The robustness of the training algorithm holds in
general for many data sets, but the initial convergence is data
set dependent [2].

VL.  SUMMARY

Dependently initialized networks were introduced and two
new training algorithms were described for these networks.
These networks significantly improve performance in terms
of (1) ensuring that the training error is a monotonically
nonincreasing function of the number of hidden units and (2)
significantly reducing the number of multiplies required for
network training. An analysis of the effects of the initial
random seeds was also presented.
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