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ABSTRACT

EFFICIENT NONLINEAR MAPPING USING THE
MULTI-LAYER PERCEPTRON

Publication No._

Arunachalam Gopalakrishnan, M.S.

The University of Texas at Arlington, 1994

Supervising Professor: Michael T. Manry

In this thesis, the mapping capability of the Gabor polynomial is reviewed and the
nonlinear mapping capability of Multi-layer perceptron(MLP) is discussed in terms of the
number of parameters used to represent them. It is shown that the pattern storage capability
of multi-variate polynomial is much higher than the commonly used lower bound on multi-
layer perceptron pattern storage.

It is also shown that multi-layer perceptron networks having second and third degree
polynomial activations can be constructed which implement Gabor polynomials and therefore
have the same high pattern storage capability. The polynomial networks are mapped to a
conventional sigmoidal MLP resulting in highly efficient network.

It is shown clearly that albeit techniques like output weight optimization and



conjugate gradient algorithm prove to be better than back propagation, as they attain only the
lower bound of pattern storage, certainly they are not the final solutions to the training

problem. The proposed mapping method attains the upper bound of pattern storage closely.

Vi
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CHAPTER 1

INTRODUCTION

While simple linear systems are useful in a large number of applications, there are
many practical situations that require a nonlinear mapping of the input variables to the output
domain. Multi-dimensional nonlinear mapping forms the basis for many prediction,
estimation, control and signal processing problems. Multi-variate polynomials or Volterra
series expansion can model a large class of nonlinear systems[1-5]. The inherent advantage
of Volterra series expansions is that the expansion is a linear combination of nonlinear
function of the inputs. Therefore, such polynomials can be designed by solving a system of
linear equations. Also, such multi-variate polynomials are attractive because of their ability
to approximate many nonlinear systems with great parsimony in the number of coefficients
used.

With the advent of the back propagation training algorithm[6-8] there has been a great
amount of attention paid to the use of neural networks for multi-dimensional nonlinear
mapping. Researchers have shown that a Multi-Layer Perceptron(MLP) type of neural
network can approximate an arbitrary nonlinear function in many variables[9-11]. The MLP
is being widely used in system identification and nonlinear modeling[12-14]. However, the
number of parameters, or weights in neural network terminology, required to characterize a

neural network is relatively large. Here, let us investigate this aspect, the related issues and

11
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the implications in design and training of a MLP.

1.1. Mapping Neural Networks

Neural networks estimate functions. MLP can map an input pattern to an output
pattern and is a universal approximator. For these reasons, they are called mapping neural
networks. We can define a mapping neural network as follows.

A mapping neural network is a distributed parallel network performing a mapping
I" — R", based on the inter connection of neurons as basic nonlinear computational elements,
where 1" is the n-dimensional input space anl R the m-dimensional output space.

Several different forms of mapping networks have been reported. The MLP which is
the most widely used network, approximately realizes an arbitrary input-output function or
a decision function. In the MLP, during a series of intermediate mappings, the input domain
is transformed to a complex output space[15]. Kohonen'’s self organizing feature maps[16,17],
Grossberg’s network[18], Hecht-Nielson’s network[19] and Radial Basis Functions
networks[20,21] are some of the different mapping networks which have features of their
own. The bidirectional associative memory[22] is a mapping network which is useful for
associative information recovery. The Boltzman machine is based on the same principle, but
in a probabilistic sense[23].

Mapping neural networks find applications in varied fields. They are model-free
estimation systems[24] which model a system without accurate knowledge of the governing
equations or parameters. In places where the classical PID control fails because of changes

in the system parameters, mapping networks seem to be an attractive alternative[25,26]. In
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robotics they can be used in inverse-kinematics, trajectory planning or motion control[27,28].
Nonlinear estimation is another field where a mapping network has potential applications.
They can be used as system identifiers[29]. They could be used as demodulators in

communication systems[30].

1.2. Scope of the thesis

The mathematical theories behind MLP can be traced back to the so called "13-th
problem of Hilbert"[31]. The problem was answered by Kolmogorov[32] and its relevance
to the MLP was established by Hecht-Nielsosn[33]. Cybenko[11] showed that it is possible
to approximate any multi-dimensional function to any desirable accuracy by superposition of
sigmoidal function. He showed that a network with one hidden layer is sufficient to represent
any I — R mapping to an arbitrary accuracy. This forms the theoretical ground for the
mapping capability of the multi-layer perceptron[34]. The mapping efficiency of such a
network can be defined either in terms of the number of hidden units used, in terms of the
number of weights in the network or in terms of the number of patterns the network can
store. The number of weights or parameters required in a network to realize an arbitrary
function is a subject of concern, as is the pattern storage capability of the network. These two
problems are interrelated. Here we discuss the approximation capabilities and the efficiency
of a three layer mapping neural network with polynomial or sigmoidal activation, in terms
of the number of weights and the pattern storage. Some researchers have looked at the lower
bound of the pattern storage[35,36]. Mu-Song Chen and Michael T. Manry[37-39] have

modeled MLP using polynomial basis functions. In this thesis, polynomial basis functions are
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used to decide on the bounds on the pattern storage capability of the MLP.

The rest of the work is organized as follows. Chapter 2 establishes the bounds on the
pattern storage of the multi-variate polynomial. Chapter 3 arrives at the bounds on the pattern
storage in a MLP. An efficient mapping technique to design a second and third degree
polynomial network is given in chapter 4. Chapter 5 shows a method to construct efficient
sigmoidal subnets. Chapter 6 discusses building large sigmoidal networks based on the
subnets and the polynomial perceptron. Chapter 7 demonstrates the potential applications of
the research through examples. The wakgsghtandparameterare used interchangeably in

the discussions.



CHAPTER 2

REVIEW OF POLYNOMIAL MAPPING NETWORKS

Polynomial mapping networks can be treated as multi-variate polynomial
approximations. In comparison to the well developed univariate approximation theory of
polynomials the multi-variate theory exhibits a number of distinctive featurdsisif real
valued function inR", Y is aN-dimensional vector space ang X,,.... X, are given, then the
property that makes it possible to determynél Y which interpolates at the given points
for all functionsf and all choices of distinck;, x,,...Xy, is called theHaar property. In
general, polynomials in several variables do not enjoyHhar property which is essentially
a univariate concept[42]. Also, there are some other distinguishing features. Univariate
polynomials can be used as building blocks in multi-variate approximation by combining
them in various ways through addition and multiplication[43]. The basis stems from the
theorems like that of Stone-Weierstrass[44], and Nachbin[45]. In this section, we review

multi-variate polynomial networks and some of their properties.

2.1. Multi-variate polynomial

Let there beN inputsx,, X, ... %, which need to be mapped to a functiffr) over an

N-dimensional space. AN-ary Gabor polynomial for approximation can be written as

15
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f(x) = k kX KX, k11X12+k12X1X2+ ...... O e S

f(x) = kTX (2.1)
where k is the coefficient vector an is the vector of the cardinal functions of the
polynomial. The elements of the vect¥r can be formed by the product of one or more
inputs. The widthL of a Gabor polynomiaf is the number of terms or cardinal functions in
the polynomial and is given by

_ & (Nek=1)! _ (N+P)! .
- k; (N-D)K NIP! (2.2)

whereP is the degree of the polynomial.

Note that in neural network terminology, the Gabor polynomial is a type of functional
link network. Pao[46] uses a system of linear equations to obtain the weights in networks.
Suppose there arl, patternsx; (1<i<N,) with functional values off, (1<i<N,). Then the
interpolating polynomial for thé, patterns can be obtained by solving the system of linear

equations,

f = Xk (2.3)

for k, where the rows of thé&l, by L matrixX are comprised of vectors™ at different data
pointsx;, k is the vector of coefficients of the polynomial ahds the N, by 1 vector of the

function values.
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2.2. Pattern Storage of the polynomial

The pattern storage of a conventional or neural network is the number of input-output
pairs the network can reproduce without error. Here we discuss the pattern storage capability
of the polynomial discriminant or Gabor polynomial, and relate it to the pattern storage of
the multi-layer perceptron (MLP).

Lemma 1.If the N, patternsx,, x,,....Xy,» contain a subset of L patterns which when
expressed as cardinal functions of a Gabor polynomial are linearly independent XPé)(
exists K has full rank) and there exists a unique Gabor polynomial which can store L
patterns.

The solution fits a hyperplane which satisfies the data at alLtpatterns. In general
the number of patterns a Gabor polynomial can store is equal to its width i.e., invexse of
may exist when it is a square matrix. But for arbitrarily chosen datak,, ks,... k, a
hyperplane determined by a unique polynomial function that interpolates the data at all the
n points may not exist. Compare this to the univariate case where the Vandermonde matrix
is non-singular[47]. This may happen when some of the data are linearly dependent forcing
X to be either singular or rank deficient. However even linearly dependent data can become
independent when expressed as terms of the Gabor polynomial. For instandex, where
k is scalar constant does not always imply tKat k -X,, whereX; is a row vector ofX. The

linear dependency problem can be alleviated by the use of orthogonal polynomials.



CHAPTER 3

REVIEW OF MULTI-LAYER PERCEPTRON MAPPING NETWORKS

One important characteristic of MLP neural networks is that training usually involves
iterative techniques, such as the well known back-propagation algorithm[8], for instance,
which attempts to minimize a transcendental criterion function. Remember that the output
layer of a mapping MLP has linear units, in the sense that they do not have a nonlinear
activation function. In the output weight optimization algorithm[48], this is taken advantage
to obtain the weights of the output layer by solving a linear system of equations. That would
provide a quadratically optimal output weights. The hidden layer and input layer weights are
obtained through back-propagation.

Use of conventional optimization techniques for neural network training has been
proposed by various authors[49-51]. For unconstrained optimization the conjugate gradient
algorithm is widely used. Here again a quadratic error function is minimized. Theoretically
the algorithm converges in m iteration where m is number of distinct eigen values of the
input matrix. All these training algorithms incur a lot of computational time for convergence.
When the algorithms converge, they result in poor utilization of the weights to be
demonstrated in chapter 7. Thus they result in an inefficient network.

In this chapter, we begin by reviewing a polynomial model of the MLP and review

bounds on MLP pattern storage. We then discuss the problems with the MLP and related

18
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thesis goals.

3.1. PBF model of MLP
Mu-song Chen and M.T. Manry have modeled MLP using a polynomial basis. A
MLP with N inputs, 1 output, andN,, hidden units can be modeled using Polynomial Basis

Functions [39] as

f(x) = w,CX (3.1)
wherew, is al by N, the output weight vectoC is aN+N,+1 by L matrix whose rows are
the coefficients of the approximating polynomial of each hidden uXitis anL by 1
polynomial cardinal function vector arf¢x) is the function to be mapped.

Here each hidden unit is assumed to be approximated by a polynomial enthe

width of the highest degree polynomial in the network.

3.2. Pattern storage bounds

The pattern storage capabilities of the MLP have been examined by several
researchers including [35,36,52]. It can be explained largely on the basis of the underlying
model of the network. Obviously the pattern storage depends on the number of weights in the
network. We will arrive at the bounds on the storage capacity of MLP based on the
polynomial basis function representation. Let us define a few terms before we actually show
the bounds on the pattern storage.

The number of absolute parameters in a network can be defined as the total number

of weights or parameters in a network. The efficiency of the network can be defined as the
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ratio of number of parameters to the width of the Gabor polynomial whose degree is equal
to that of the network.

All the weights in the network may not be independent of each other to be efficient
in mapping. The bounds on pattern storage can be explained on the basis of this
representation. The upper bound on the pattern storage depends on the number of effective
parameters. Similarly the lower bound depends on the number of elementsvig Ykeetor.

Lemma 2. The multi-layer perceptron can store a minimum number of pattefns S
equal to the number of output weights connecting one output. i.e., the sum of number of

hidden units, the number of inputs and the output threshold.

§ = N+N -1 (3.2)

This result is basically the same as that given in [35,36,52].
Proof. If there areN, training patterns and output the equatio(3.1) for all the patterns can

written as

f = (CX)'w, (3.3)
wheref is N, by 1 vector whose rows are comprisedfdk)’s for (1 <i < N,) andX is the
L by N, matrix whose columns are comprisedXfs for (1 <i < N,). In the above equation
an unique solution fow, exists wherlN, = N,+N+1. Usually the number of training patterns
N, is much greater than the number of uriisin the network. Nonetheless, a solution for
w, can be obtained for this over determined system which satidljgtN+1 patterns.
Therefore the network is capable of storing at least that many number patterns equal to the

number of elements im, (=N, +N+1). The result applies to the multiple output case too as
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there are same number of output weights for each output.

Let N,, denote the number of weights and thresholds in an MLP which are on the
paths from any input to the first output.

Lemma 3. The upper bound S on the pattern storage capacity may be defined as
the number of terms associated with the equivalent Gabor polynomial or the width of the

polynomial.

S, = min(LN,) (3.4)
proof: The MLP is capable of storing a much larger number of patterns than that determined
by the lower bound since it does not account for the weights other than the output weights.
However all the weights in the MLP are not independent i.e., the number of effective
parameters is lesser than the total number of parameters. It is because if thErenpogs
feeding a sigmoidal unit, the approximating polynomial of the unit has greater number of
terms than the number of inputs and hence the weights are dependent. In (3 1anid &

are multiplied, we get

f(x) = y X (3.5)
wherey is aL by 1vector. Again when we hawl, patterns a unique solution can be found
for y can be found wheil, = L. Thus the number of parameters the network can store cannot
be greater than the width of the equivalent Gabor polynomial. However, if the number of
weights in the path of a input to the output is less than the width of the polynomial then

obviously the pattern storage is bounded by that and hence the lemma.
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3.3. Basic problems

The actual pattern storage of an MLP is somewhere between that of its lower limit
in lemma 2and its upper limit inlemma 3 If the lower bound inemma 2turns out to be
close to the correct value, then the MLP is likely to be superseded in the future by Volterra
filters, functional link nets, and other networks which more directly implement Gabor
polynomials. Our goal in this paper is to show that MLPs with polynomial or monomial
activation can efficiently implement the Gabor polynomial. Since sigmoidal networks can
closely approximate polynomial networks [37-39], they also have high pattern storage
capability.

As we saw earlier a continuous function Mvariables can be approximated to an
arbitrary accuracy using Gabor polynomial expansion or using orthogonal expansions. The
advantages of neural networks over such conventional techniques is not clear. MLP has
proved to have a distinct superiority in performance over other classification techniques. MLP
may represent a discriminant functions which are used in classifiers, well but they may not
represent an arbitrary mapping efficiently compared to polynomials.

Albeit, it had been shown that a neural network with a single hidden layer with
nonlinear activations is capable of mapping to an arbitrary accuracy, those neural networks
are not very efficient representation of multi-variate approximation in terms of the number
of parameters required to represent them. Multi-layer perceptron is clearly redundant in terms
of number of weights or parameters associated with it compared to the number of terms used
in an equivalent Gabor polynomial which can represent the same function. As we saw earlier

the polynomial can store that many number of patterns equal to its width. Should the MLP
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be as efficient, it must be able to store that many number of patterns equal to the number of
weights in the network. We know that that is not the case always. Training algorithms attain
only the lower bound of pattern storage. Here, we propose some efficient networks whose

pattern storage capability is equal to the number of weights in the network.

3.4. Thesis goals

The mapping capabilities of a multi-variate polynomial are established to a certain
extent. Here, the mapping capabilities of a single hidden layer perceptron structure with a
polynomial or sigmoidal activation and its relevance to a polynomial are investigated. The
mapping efficiency and the pattern storage capabilities of the structure are analyzed in terms
of the number of parameters associated with it. A constructive proof is given to design a three
layer network so as to reach the upper bound on the pattern storage capability and to reach
the lower bound on the number of weights or parameters involved. Design techniques are
given for building large efficient sigmoidal networks. The implications of the direct mapping
on training algorithms and their deficiencies are demonstrated.
Some of the notation convention used in our discussions are as follows.
w; - weight connecting théth neuron to thg-th input.
C, - output weight connecting thieth neuron to the output.
k. - coefficient of a termxxx, in a polynomial.

In our discussions a constant weight of unity is not counted as a parameter for obvious

reasons.



CHAPTER 4

EFFICIENT MAPPING USING POLYNOMIAL PERCEPTRON

In this chapter, let us look at polynomial perceptrons for efficient mapping.
Polynomial perceptrons are those networks with monomial or polynomial activation function
for the hidden units. A special kind of three layer network with sparse connectivity is
proposed for mapping a given second degree or third degree polynomial. The following
theorem is stated with regard to the quadratic and cubic mapping.

Theorem 1 If ’p’ is any continuous function in [a,b] approximated by a quadratic
or cubic polynomial 'f' then the same can be realized with an efficient perceptron structure
to an arbitrary accuracy.

Corollary 1: If the approximation polynomial consists only of product terms without
the second degree or third degree terms of any of the product elements then the function can
be approximated by the structure to an arbitrary accuracy such that the error of
approximation € > 0.

Corollary 2: The mapping can be extended to an arbitrary second or third degree
function with a direct connection between the inputs and output which introduces the linear
terms and a threshold at the output for the constant term.

A constructive proof of the above the theorem can be seen in the following sections

as such efficient networks are constructed.
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4.1. Mapping of an arbitrary second degree polynomial

First, let us look at the quadratic polynomial mapping to a neural network. A sparsely
connected network as shown in figure.4.1 is chosen. The network can be described by the
following proposition.

A quadratic function of N bounded inputs can be approximated to an arbitrary
accuracy by an N-input single hidden layer perceptron structure which has N hidden units
with squaring activations where the k-th hidden unit has N-k+1 inputs feeding it, where each
input is multiplied by a variable parameter(weight) and one input is fed through a weight

with unit gain.

Gy

Co

f(x1> Xo1 X3)

Cz

Figure 4.1. Quadratic mapping network

A general quadratic polynomial in N variables can be written as
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f(XXoreee X)) = XN: XN: K, % X (4.1)

i=1j-i

If this polynomial is mapped on to a network shown in fig. 4.1, then the weights in the

network and the polynomial coefficients are related\bgquations of the form

i-1
k =c - 2:1 wy'c 1<i<gN (4.2)
iz
andN(N-1)/2 equations of the form
,- 1<i<N
ki =2Y w, w,c i<j<N (4.3)
N

As an example let us look at the mapping of a ternary quadratic on to the neural network

structure. A general ternary quadratic polynomial can be written as

fOGXX) = KX+ Kg = koxs = KXX, + KiXxs + ko xx, (4.4)

When this polynomial is mapped on to the network the weights and the coefficients of the

polynomial are related by the following set of equations.

k, = ¢
k, = 2w,
K, = 2W,C, (4.5)

13

2
kzz - W12C1 - Cz
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k23 = 2(W12W13 - W23C2)
2 2
k33 = Wil + WG, + G

The weights of the network can be obtained easily by solving these equations in the above
order.

The solution of the above set of equations may become a problem if one or more
terms in the polynomial vanish. If the polynomial consists only of product terms then the
equations have to be solved by replacing the coefficients of square terms with a small
positive constangt. In this case the mapping error will always be greater than zero abiding
corollary 2 to theoreml. If some of the square terms vanish and some of them exist then the
equations can be solved by switching the input with square terms as the firgasern
followed by the inputs without square terms in the network. More generalli-ary second
degree polynomial can be mapped similarly, with the introduction of direct connection
between inputs and outputs for linear terms and an output threshold for the constant term.
Algorithm QUAD_NET, given in the appendix solves the equations to obtain a second degree
polynomial perceptron.

Table.4.1 shows some results on the pattern storage capacity of the proposed structure
as compared to that of the second degree Gabor polynomial for different number of inputs.
It can be seen that the proposed structure stores the same number of patterns as the number
of weights in the network which also is the upper bound on the pattern storage for a second

degree network.
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Table 4.1. Pattern storage in a MLP network for a Second degree polynomial

# of inputs # hidden units | Pattern storagg Upper bound | Lower bound
N N, N, S S
2 2 6 6 5
3 3 10 10 7
4 4 15 15 9
5 5 21 21 11
6 6 28 28 13

4.2. Cubic Polynomial Mapping

Another sparsely connected network is proposed for cubic polynomial mapping. An
example network for a three input case is given in figéi’2 The network can be described
as follows.

An N-ary cubic polynomial function with bounded parameters can be realized by
single hidden layer neural network of N inputs with N(N+1)/2 hidden units with cubing
activation functions where N units are connected to 1 input, N-1 units are connected to 2
inputs, N-2 units are connected to 3 inputs and so on.

Each hidden unit with multiple inputs have their input weights as variable parameters
and their outputs are unity whereas those units with one input have their input weight as unity
and their outputs are variables. The number of uhitsused for anN-ary 3-rd degree

polynomial is

N < NON-1) (4.6)
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f(x;, x2 , x3)

Figure 4.2. Cubic mapping

A generalN-ary cubic polynomial can be written as

f(X Ko X) = XN: XN: XN: Ky % X X (4.7)

i=1j=il=1

When this polynomial is mapped on to a structure shown in fig. 4.2 we get the following set

of equations. There and equations of the form

Nh
kiii :ZWJ'?’ < 1sisN (4.8)

j=1

N(N-1)/2 equations of the form
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N 1<i<N
k; = 3;_:1 Wi W, i<j<N (4.9)
* N
N(N-1)/2 equations of the form
" 1<i<N
ki, =3 w, w i<j<N (4.10)
I = . .
' i #j
andN(N-1)(N-2)/6equations of the form
1<i<N
N i<j<N
kijl - 62 Wini Wenj Wiy . J (4.11)
m=1 ] < | <N
izjzl

As in the case of the quadratic mapping an example of a ternary cubic mapping is given. The

general polynomial for a ternary cubic function is

%) = KuXs = KXo + Kyds = KXo, + KpXXs = KXy + KigXoXs + Kypo6Xg

= KopdXs + KX XX (4.12)

This polynomial when mapped on to the structure shown i firesults in the following

set of equations which can be solved in the same order to obtain the values of weights in the

network.

_ 2
k113 - 3W11W13
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Kias = 3W11W123

k123 = 6W, W, W,

2 2
Ky, = 3wiw, + waw,)
2 2
Koo = (W Wi, = W, Wp) (4.13)
Kyps = SWW,, + WaW,)
23 12%V13 32"%3
B 2 2
k233 - 3(W13W12 - W32W33)

_ 3
klll - C4 Wy * W11

3 3 3
Kppy = Cg + Wap + Woy + Wy,

Ky = C5 W333 + W133
The first two equations can be solved fay, andw,,. w;, can be obtained from the third
equation. Then the next two equations can be solvedvjpandw,, and the procedure can
be continued to solve all the equations. Similar to the case of a quadratic network the solution
may become a problem when some of the terms vanish and the situation can be remedied
following the same techniques. The CUBE_NET algorithm constructs an N-ary cubic network

from an N-variable cubic polynomial.

4.3. 3+rd degree polynomial mapping
As we saw in the last section, an arbitrary cubic function can be efficiently mapped

on to the neural network structure. The same structure can be extended to represent an
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arbitrary3-rd degree polynomial by replacing the cubic activation function with a polynomial
activation.

An arbitraryN-ary 3-rd degree polynomial function can be efficiently represented by
a neural network with a single hidden layer witiiN+1)/2 units with a polynomial activation
function of the formbx® + ax* whereN units have one inputy-1 units have2 inputs and so
on, with all the inputs tied to the output and with a output threshold.

The net function, the activation function and the output are,

net = Z W, X, (4.14)
f(ney = a.net” + b.net® (4.15)
fx) = Z f(net) + Z kx, + ki (4.16)

The values ob, coefficients are unity foN,-N units which are connected to more than one
input. ThusN units haveb, coefficients, counted as free parameters. All the output weights
are unity.

A general N-ary 3-rd degree polynomial can written as

f(X Xy X)) ZZZkulxxx+ZZk”xx+Zklx +k, (417

i=1j=il=j i=1j=i i=1

and when this polynomial is realized by the network in fig. 4.3. the weights in the network
and the3-rd degree monomial coefficients are related by (4.8) - (4.11) wighreplaced by
b’'s. The2-nd degree monomial coefficients and thes are related b\N equations of the

form
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Nh
ki =Y W a 1<is<N (4.18)
j=1
and N(N-1)/2 equations of the form
N 1<i<N
kij - ZZ Wi W & i<jJ<N (4.19)
o i % |

whereN, is given by (4.6).

() - ax®+bx®

Figure 4.3. 3-rd degree function mapping network

Let us take the example of mapping an arbitrary terndryd degree Gabor
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polynomial. A general ternarg-rd degree Gabor polynomial is

f(Xl,XZ,X3) = I(111)(13 N k222x23 N k333X33 N k112X12X2 N 122X1X22 N 113X12X3 N k133X1X32 N k223X22X3

+ Ky XX+ K XXs + KX+ KX + KX

kX + KX = kXX k) + kX, = kx < ko (4.20)

This Gabor polynomial when mapped to the proposed structure results in the following set

of equations which when solved in the given order, yields the values of weights.
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Kz = 3W121W

13

_ 2
k133 - 3W11W13

k123 = 6w, W, W,

=~
|

+

2 2
112 3(W11W12 W21W22)

2 2
3(W11W12 + W21W22)

k122

+

2 2
(Wi W, + WaW,)

k223

+

k233 3(W123W12 W32W323)
k,, = b, + W231 N W131
Ky = By = War + Wy + Wi (4.21)
Kyag = 05 + W333 N W133
Kig = 2w, W3,
K, = 2(W, W8, + W,W,,2)

k23 = 2(W12W13a1 - W32W33as)

2 2
K, =Wpa + W@, + a,



36
2 2 2
Ky, = Wia, + Wa, + Wea, + ag

Kyy = Wiy + Wey + &
The linear terms and the constant term can be easily added to the equation by connecting the
inputs directly to the output with appropriate gains and by introducing a threshold at the
output respectively. The complete construction of a third degree network is implemented
using the 3D_NET algorithm in the appendix. Some results of the pattern storage capabilities
of a third degree Gabor polynomial and that achieved with the proposed neural network
structure are tabulated.

All the mapping structures shown above are efficient in terms of number of
parameters or weights associated with them. In all the networks it can be seen that the
number of weights is equal to the number of constants in the equivalent Gabor polynomial
and they are capable of storing equal number of patterns. These are not restricted to any
definite number of inputs. Also, the result can be extended to multiple outputs where each

output is defined by a different function.

Table 4.2. Pattern storage of MLP network for a third degree polynomial

# of inputs # hidden units Pattern Upper bound Lower bound
N [\ storage S, S
NP
2 3 10 10 5
3 6 20 20 10
4 10 35 35 15
5 15 56 56 21
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# of inputs # hidden units Pattern Upper bound Lower bound
N [\ storage S, S
NP
6 21 84 84 28
7 28 120 120 36
8 36 165 165 45

4.4. Higher degree mapping

As the degree of the function is increased one should expect a similar kind of efficient
mapping to exist. But surprisingly it does not. As the degree increases beyond three an
efficient mapping of an arbitrary polynomial by a neural network structure fails and leads to
the following result.

Theorem 2 An efficient realization of a quartic polynomial using a single layer
structure with monomial activation functions is impossible in the sense of number of free
parameters associated with it.

Though this result is apparently startling, it is actually an extension of some of the
established facts in geometry and linear algebra. Since there are fifteen parameters in a
general ternary quartic and there are three parameters in a ternary form, one should expect
a general ternary quartic to be a sum of five fourth powers. Clebsch[53] proved geometrically
that a general ternary quartic cannot be written as a sum of five fourth powers. In our terms,
fifteen parameters do not suffice to represent any ternary quartic as a sum of powers because
the fifteen polynomials in the fifteen variables are not algebraically independent.

Sylvester[54,55] reformulated Clebsch’s result. In effect he showed thad & sum of five
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fourth powers, then thé by 6 matrix associated tél,, the psdquadratic form has less than
full rank and so its determinant, the catalecticant, vanishes.

Thus for mapping a quartic function inZinput network we need more than fifteen
parameters to represent an arbitrary function. This limitation can be partially overcome by
utilizing two hidden layers. The first hidden layer can generate all second and third degree
terms inX fairly efficiently. The second hidden layer would be third degree, resulting in a
network with an overall degree of P=9. These results indicate why such efficient mapping is
impossible for higher degrees. The same can be proved easily in the case of a neural network
with single hidden layer. Generalizing, any higher degfee 3) mapping with a neural
network structure with monomial activation will be less efficient than the corresponding

Gabor polynomial in the sense of number of parameters required to represent it.



CHAPTER 5

EFFICIENT SIGMOIDAL SUBNET DESIGN

It is clear that MLP networks with polynomial activation function can have efficient
pattern storage. In this chapter, let us see how to implement the polynomial hidden unit of
(4.5) as a sigmoidal unit and consequently in chapiewe will build large sigmoidal
networks for efficient pattern storage. Every sigmoidal hidden unit realizes a square and cube

term so that it can directly replace the units with polynomial activation.

5.1. Theoretical development of the method
Consider the network in fig. 5.1. The hidden unit has a sigmoidal activation function

whose input is the net function,
net = wx + 6 (5.1)

where@ is the threshold of the hidden unit, outputys

s = f(ney = 1 (5.2)
1 + efnet
and the network output is
p(x) = xw,, - Sw_, + 0 (5.3)

The familiar Taylor series is an efficient tool in function approximation and its

39



40

Figure 5.1. Sigmoidal subnet

application[56-58]. Let us consider a functiéfx) which is analytic in the neighborhood of
a pointx = X,. In our case, it is the sigmoidal activation functfidfi+e*) which is analytic
about every point. However the analysis is not restricted to sigmoidal activation function.

Within a region of convergence we may wrii@et) as

f(ney = 3° f(m’é]rllet)

m=0

(net-x)™ + R (nej (5.4)

whereR (X) is called the remainder. Clearly the series will converge and represent f(x) within

the region of convergence. If we p@t= x,, (5.4) simplifies as

f(nep = zn: %(Wix)m + R (WX) (5.5)

m=0

The functional approximation accuracy depends upon the number of teimshe series
used to compute the function.

The goal is to realize a third degree polynomial with a single hidden unit with an
analytical activation function. In (5.5) let us consider the terms up to third degree and let the

polynomial to be mapped be
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p(x) = bx*+ax*+cx+d (5.6)

f2(net) /13 (net)

—10 4

=15 I T T T T T T T T T T T T T T T I T T T T T T

- — — -2 —

net

Figure 5.2. f2(net)/f®)(net) versus net for a sigmoid

The idea is to move the threshold of the hidden uBitp a point on the sigmoid
curve where it best approximates the second degree and third degree terms in the given
polynomial and to correct the errors introduced by the linear term and constant term by the
direct connection between the input and output and the output threshold respectively. Note
that the ratio of second derivative to third derivative of the sigmoidal function is continuous
between negative infinity and positive infinity fomet| < 1.3(fig. 5.2). The excursion of the
input about the threshold is controlled with the input weight. Let us pick a operating point

6 such that the ratio of square term to the cube term in the given polynomial is equal to the
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ratio of the coefficients of the second degree term to the third degree term in the series

expansion (5.5) of the activation function. i.e., plsuch that

a _ 37 ©®m) (5.7)

b Wif " (e)

wherem, is the mean of the input signal This produces the same ratio of second degree

to third degree term as the desired one. By choosing a proper output weidbt3) we can

get the desired second and third degree terms of the polynomial. The error introduced in the
linear term(f'(8)w,w,,) can be corrected by changing, (5.3) and the constariff) can be
eliminated using the output threshdid

Obviously, the remainder error,

R,(x) = [i (o 70

4 ml

(5.8)

02

can not be completely eliminated. A careful examination of the above expression (5.8) gives
some information to minimize this error. The error accumulates exponentially with the input
weight and the input itself. Therefore one would select an input weight such that the
maximum value of the produetx to be less than one so that the error would decrease with
the higher powers. Similarly we need an activation function whose derivatives are less than
one and whose higher derivatives decrease rapidly. It can be seen that the sigmoidal
activation function satisfies these requirements. This also leaves us with a possibility to
explore other activation functions which might have better approximation capabilities.
However that is beyond the scope of this work.

From the above inferences, we need an input weighsuch that the maximum
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excursion of the net function about the operating point is less than one. On the other hand,
w, can not be made arbitrarily small since that would not allow sufficient deviation of the net
function about the threshold to produce the polynomial output for different inputs. An optimal
region of convergenceR, has to be selected in between zero and one where the error is
within acceptable limits and allowing the necessary deviation. This value can be found
through experiments.

Though the output weights can be obtained directly from equations (5.5) and (5.6),
when there are more than one data input to take care of the linear error and constant error
introduced by different data they are obtained by solving a linear system of equations. In this
case we have three unknownws,, w,,, and0, with inputs from the hidden unit and the from

the input itself. The desired polynomial forms the output.

5.2. Practical design procedure.

Refer to the network shown in fidh.1 Let the polynomial to be realized be

p(x) = bx3+ax?+cx+d (5.9)
Step 1.Compute the ratio of the coefficient of the square term to the cubic(é&n

and compute the mean of the input data as

m =Y x (5.10)
N, =

Step 2.Find the optimal region of convergené&k for the given ratio ofa/b. In our

experimental simulations the optimal region of convergence is found to vary between .3 to
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.65 for a/b ratio of .001 to 1000 quite linearly. Note that the region of convergence can be
obtained off-line and stored for further use. As an alternative, a simple linear relationship can
be obtained between the rgtdb) and the optimal region of convergence.

Step 3.Using the optimal region of convergence and the maximum and minimum

values of the input data compute the input weight as

w oo 2R (5.11)

Xnax~ Xmin
wherex,, andx,,, are the maximum and minimum values of the input respectively.
Step 4.0btain a point on the activation function which approximates the given ratio
of square to cube term the best. In our implementation it is obtained using Newton-Raphson
algorithm with a minor modification added to it. 1fx) is the activation function,

1.Compute r(x) as

() = 1 )-m _ WA (5.12)
f/// (X) 3b
2. Find x such that
r(x
X . = X - (”)o( (5.13)

n+1 n r / (Xn)

Repeat 2 until the error is within limits. An error threshold of 1x4® used in the
experiments.

The learning facton helps in two ways.

(i) Since the ratior(x) is a monotonically increasing function in both positive and

negative directions we can start the iterations with a initial guess of zero always. This
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eliminates the need for additional computation for initial guess.

(i) Also whenr(x) > 1, a brings down the amount excursion to a new point on the
curve and thus guarantees convergence.
This valuex,, after sufficient number of iterations when the required error limit is reached,

makes the threshold for the hidden unit as

8 = x-wm (5.14)

Step 5. Up to this point all the input weights are available. To obtain the output
weights a system of linear equations is solved. The output weights are obtained by

minimizing the mean square error

Nv
Z (W X +W_s +8,-p(x,)) (5.15)

i=1

That forms a system of linear equations in s as the unknowns. The input, output of the
hidden unit and the desired polynomial output are written as inputs and output and solved to
obtain w,;, w,, and 6,. We used conjugate gradient algorithm[59-61] to solve this least
squares problem. That completes the mapping &rd degree polynomial unit on to a

sigmoidal unit as all the weights of the network are available.



CHAPTER 6

EFFICIENT SIGMOIDAL NETWORKS

The subnet designed in the last chapter can be used to build large networks. The
mapping method can be extended to units with multiple inputs as basically the method maps
the polynomial on to sigmoid based on the net function rather than on the inputs. The
procedure given in section 5.2 can be modified for Nunput case. But the region of
convergence gets divided among the different inputs depending upon their range. Similarly
the sum of the means of all the inputs needs to be subtracted from thexyaloi@ined from

the Newton’s method to get the threshold of the hidden unit.

6.1. Sigmoidal subnet:n-input, 1-output case
Refer to fig6.1 for a sigmoidal subnet wittN inputs andl output. Compute the

optimum value of deviatioD, as

D - zNj max{) - min(x) (6.1)
D, - 2% 6.2)
D

wheremax(x) andmin(x) are the maximum and minimum values of tht input signalx,

respectively. Section 5.2. givés.

46
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A0

W,
Xy o

Figure 6.1. Sigmoidal net with N-inputs and 1 output

Find the input weight of thé-th unitw, as

_ Dy(max(x)-min(x) (6.3)

ik D

whereD and D, are from (6.1) and (6.2). Obtain the thresh@dising (5.11), (5.12)and
(5.13)wherew;, is replaced byD, of (6.2). The meamm is the sum of individual means of
the inputs given by

m, = Z m(i) (6.4)

i=1

wheremy(i) is the mean of théth input. The output weighta,; (1 <i < N+1) and the output

thresholdB, can be obtained by solving the linear system of equations
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E inWoi + SOWON+1 + eo = p(Xj) (65)

for (1 <j < N).

6.2. Networks with multiple outputs

So far we have been considering only networks with one output. Often we come
require networks with more than one output, for instance, estimating two parameters from a
given data. The mapping method can be extended to the case of multiple inputs-multiple
outputs.

To illustrate the design and the hidden unit requirements for such a general network
let us begin with a case df input and many outputs(fig. 6.2).

We know that we need one hidden unit to realizd-aput 1-output 3d degree
network. It is obvious that to get a second out@yt independent of the first outp@,, we
need an additional unit. Note that it is possible to generate a second output with a monomial
activation, but anyway we need an additional unit.

The third outputO, can be generated using these two units by choosing proper output

weights. Let us say that the urfithas an activation function

ax? + bx3 (6.6)
and the second unit has activation function

ax? + bx3 (6.7)

If the polynomial to be realized by the third activation is
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Figure 6.2. Network with 1 input and many outputs

ax? « bx? (6.8)

then it can be obtained by solving the system of linear equations

D@0 &0
2 e B

B b fe] B

for the output weights,, andc;,,. Further outputsQ,, O, etc, can be generated similarly,

(6.9)

solving for output weights of each output separately. We do not need any more units to create
any number of outputs.
Let us look at the2-input case. To get the first output we know that we ndenhits.

For the second output we ne&dmore unit$3+3). To generate the third output we nekd
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more hidden un{B+3+1). Any number of further outputs can be generated using tiiese
units and solving for the output weights. The number of output weights to be solved for, is

7 in this case.

In general, for arN-input m-output case, the required number of units is given by

N (Nm-1) « (N-M2)N-m+3)  N-m+-2>0
e 2 (6.10)

N.(Nm) = |
N, (N,m-1) N-m-+2<0

andN,(N,1) is given by equatior.8 Table6.1 shows how the network size increases with

number of inputs and number of outputs.

Table 6.1. Number of hidden units as a function of number of inputs and outputs

Number of outputs —

# of inputs | 1 2 3 4 5 6 7 8
1 1 2 2 2 2 2 2 2
2 3 6 7 7 7 7 7 7
3 6 12 14 15 16 16 16 16
4 10 20 26 29 30 30 30 30
5 15 30 40 46 49 50 50 50

Note that the number of units becomes a constant when the number of units are equal

to the total number of square and cube terms
L,-N-1 (6.11)

whereL, is the width of the3-rd degree polynomié2.2). This is obvious since the matrix of
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the system of equations for the output weights becomes square only nuder that condition. This
system of equations have to be well conditioned and consistent. If not, if they are linearly
dependent, then the additional output can be generated from the units used for previous output
itself by proper scaling.

Also, in the case of @-input case, as a particular example, it is possible to generate
the third output with jusé units instead o¥ as illustrated previously. Similar exceptions may
be available in other cases too. But such ideas would make the analysis less general though.
Once we get the polynomial network then it can be replaced with a sigmoidal net as

illustrated in sections 5.2 and 6.1

6.3. Design procedure for large networks
Let us summarize the design procedure for constructing-arput m-output network.
1. Design a3-rd degreeN-ary polynomial using conjugate gradient algorithm.
2. Get a polynomial perceptron using 3D_NET.
3. Replace each polynomial hidden unit in the network with sigmoidal unit.
If the hidden unit has one input follow procedure given in section 5.2.
If the hidden unit has more than one input refer to section 6.1.
4. Solve for all the output weights together using conjugate gradient algorithm after
replacing all the units with sigmoid, to reduce the unit by unit mapping error.
5. Design polynomials for each output and get the sigmoidal network using the above
procedure. Refer section 6.2 for networks with multiple outputs.

In terms of network efficiency, in the case of the mapping method for a function with



52

a square and cube term we required a sigmoidal unit with two parameters - the hidden unit
threshold and the output weight of the hidden unit. That would make the network maximum
efficient. Essentially the input weight is a constant and hence not counted for the efficiency
calculation. If we count that as a parameter, note that we need one additional parameter for
realizing the multinomial in every hidden unit. The resulting efficiency of the complete
network is given by

N -5 (6.12)
N + 8

and the efficiency increases with the number of inpttsThe number of outputs, whether

one or more than one, does not affect the efficiency of the network.



CHAPTER 7

EXAMPLES

Let us look at some examples to demonstrate the performance of the proposed

methods compared to the existing techniques.

7.1. Realizing a 3-rd degree polynomial
As a first example, an arbitrary third degree univariate polynorfxak®-9x+9) is

realized with a network of single hidden uffig. 5.1) using the proposed method discussed

BP {raining (25000 itns)

/

Desired polynomial
Mapped output

|

%)

Figure 7.1. 3-rd degree polynomial realized with 1 hidden unit

in section 5.2. The mapping of the polynomial on to the network is shown irvfilg.The
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mapped network output is indistinguishable from the desired polynomial. The output of a
network with same structure trained for 25,000 iterations using back propagation is also given
for comparison purposes. The variance of the mapping error obtained by the proposed method
was .005275, compared to the error variance of .28297 obtained by the back propagation

training after 25,000 iterations.

7.2. Training algorithms and pattern storage

As a second example an arbitrary network is trained with four different training
algorithms to look at the pattern storage obtained by them.G=gives a comparison of the
increase in error with the number of training patterns for different training algorithms, viz.,
back propagatigfiBP), output weight optimizatiof©@WQO) Conjugate gradie(EG)[10] and
the proposed mapping method. The mean square error of a network increases with the number
of training patterns used. The training data had 8 inputs and 1 output. Random numbers
distributed between -1 and 1 were used as inputs and output. The results are given for an
arbitrary three layer network with a structu8e36-1 An 8-variable3-rd degree equivalent
polynomial is used.

Refer to table4.2 for the bounds on aB-input case. The network is trained for 165
iterations using the three training algorithms to be consistent with the number of iterations
used in the polynomial case which uses conjugate gradient algorithm to solve for the 165
parameters or weights. The plot ofseof the proposed direct mapping method remains
arbitrarily close to zero up to 160 patterns reaching the upper bound of pattern storage(3.3).

With back propagation the error curve breaks off at about 20 patterns and it may be
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Figure 7.2. Training error vs. number of patterns

improved to attain the lower boufldmma 2)with larger number of iterations. The output
weight optimization and conjugate gradient are better than the back propagation as they have
attained the lower bound of pattern storage. However even these algorithms lag far behind
the Gabor polynomial and the proposed method. In fact, these fully connected networks have
much larger number of weight859in this case, than the upper bound when compared to
the sparsely connected networks. These results indicate that the existing gradient training
algorithms are not the final answer and certainly, better training algorithms could result in

superior performance of the same network.
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7.3. Network initialization

One useful application of the technique developed in this thesis is to design a good
initial network for the conventional multi-layer perceptron and train the network further using
back propagation or other training algorithms. It can be seen that the proposed sparsely
connected is equivalent to a fully connected network with the missing connections replaced
by zero weights. As an example we trained a network for a real world data with this type of
initialization.

The data used was supplied by Professor, Alireza Khotanzad of Southern Methodist
University, Dallas. The problem was short term hourly load forecasting in electric power
system operation and planning. Load forecasting is essentially a multi-dimensional signal
processing problem. Forecasting is done by extrapolating based on past load behavior along
with other influencing factors. The factors which affect the load are weather parameters like
temperature, relative humidity, wind speed, dew point, etc., and other factors like the
particular day, time etc. The inter-relationships between the load and the factors influencing
it are highly complex and non-linear. Recently, an approach based on mapping neural
networks has been shown to perform exceedingly well compared to other techniques based
on parametric models[62]. In this approach several individual MLP networks are trained for
different hours, different days and different weeks. There were 7 weekly modules, 7 daily
modules and 24 hourly modules. The training of these 38 networks everyday to adapt to the
new data posed some severe problems as follows.

(1) The initial network training is very slow, and must be performed on a Decstation

5000/240 at SMU. For example, the hourly neural networks require on the order of 16,000



57

training iterations for satisfactory error performance. The training of all of the modules for
a utility takes weeks.

(2) The required number of network hidden units differs considerably for the various
utilities. Presently it is found through brute force experimentation, which is very time
consuming.

To show the utility value of the theory developed in this thesis we trained an hourly
module data obtained from SMU. The data had 9 inputs and one output. A network of
structure9-45-1(N-inputs, 1-output case discussed in sections 6.1 and 6.3) was constructed.
The mapping mean square errddSE) are given in the tablé.2. along with the training

results of the same network trained with random initial weights.

Table 7.1. Mapping MSE of power load prediction data.

50 iterations

100 iterations

Mapping .03032 .03000
BP 29120 .14570
owo .04046 .04017

The training algorithm, based upon our recent work [63] on pattern memaorization and
as explained earlier in this section is much faster than OWO-BP and conjugate gradient
training schemes and results in a much lower error value. OWO has been able to reach an
error in 600 iterations that BP reaches in 2,500 iterations. The initialization method using the
same training time as 56 BP iterations, attained the performance reached by BP in 10,000

iterations. The pattern storage results also gives a fairly good idea about the number of hidden
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units required for a given data set. This demonstrates the power and significant advantage of
the proposed technique and its potential to develop in to a fast training algorithm for large

training sets.



CHAPTER 8

CONCLUSIONS

The main issue of this thesis is the concept of pattern storage, and the approximation
accuracy of MLP for a given number of weights or parameters in the network.

The bounds on the pattern storage capabilities have been established and the proposed
networks are shown to be efficient in terms of pattern storage, and the number of parameters
associated with them. It has been shown that an arbitrary second or third degree polynomial
function can be directly mapped on to a MLP structure efficiently so as to maximize the
pattern storage capability. Finally it has been shown that as the degree of mapping increases
the MLP becomes less efficient than a equivalent Gabor polynomial in terms of pattern
storage.

The pattern storage results also indicate that the popular training algorithm - back
propagation results only in the lower bound of pattern storage. Though the output weight
optimization and conjugate gradient techniques perform significantly better than BP, they
also fall short of the higher bound. It is obvious that the proposed sparse network is more
efficient than the normal MLP trained using back-propagation.

Efficient sigmoid networks can be found through other means resulting in higher

pattern storage. The mapping method shows a possibility and proves the existence of other
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training algorithms which would make the networks more efficient. The analysis can be
extended to establish the efficiencies and pattern storage capabilities of higher degree
networks.
There are several unsolved problems which would be interesting sequels to this work.
1. Which patterns does the network memorize or store? Is it possible to control the
patterns memorized by the network while generalizing on other patterns?
2. How to eliminate the step of designing a multi-variate polynomial in designing the
networks?
3. The number of hidden units increases as the square of the number of inputs. How
to reduce the number of hidden units? One possible answer would be to map a
higher degree polynomial directly on to a sigmoid. How to do such mapping?
4. How to make the multiple output case more efficient?
5. How to extend this idea to result in a fast training algorithm?
6. How to apply this technique to networks with more than one hidden layer and what
are its implications?
6. How does a trained MLP interpolate between data compared to the multi-variate

polynomial?
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A.1l. Quadratic network mapping algorithm
Procedure QUAD _NET
call ANALYZE;

if (zero_count = 1)call SWAP;

elseif (zero_count > 1)all REPLACE;

c, = kg

for i=2to N,
wy; = Ki/2 ;

endloop

for i =2 to Ny,
forj=1toi-1

G = k; - gw?;

endloop

if (i <N, then

for k = i+1 to N,

inp

k-2
S=Zvvjiw C ;

=, ki
w, = (ki /2 - S)/¢;
endloop
endif

endloop

end_Procedure;{QUAD_NET}
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/I Get the input weights of

/I first unit

/I get the output weights

/I solve for input weights



Procedure ANALYZE

for i=11to N,

if (k; =0) then zero_count = zero_count+1

endloop

end_Procedure;{ANALYZE}

Procedure SWAP

fori=2toN,,-1

np -
swapk; and Ky,
endloop

end_Procedure;{SWAP}

Procedure REPLACE

fori=1toN,,-1

np -
if (k; =0) thenk; = ¢€;
endloop

end_Procedure;{REPLACE}
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/I Count the number
/I of coefficients of

Il the x*terms

/[ Switch inputs x
/I (with zero
/I coefficient) and

Il X Ninp

/I Replace zero
Il coefficents with
/I a small positive

/I value
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A.2. Cubic network mapping algorithm

Procedure CUBE_NET
initialize all w's andc's with zeros;
call ANALYZE_3(isw, zero_count) // Count the zero
if (isw > 0) then call SWITCH,; /I coefficients
elseif (zero_count > O)hen call REPLACE_3;

I\Iunits = Ninp(N' +1)/2;

inp

if (N, > 1) then I/ Solve for input
for i =1 t0 Nyns - Nigp Il weights
N J1+8 -1, .. Ik - # of
K= Ny, -round————)~1; /I inputs to
/l the i-th unit
o (N -k -DIN, - K Il'j - first
J 2 ’ // input of the
/1 i-th unit

call SOLUTION_1(i,j,k);
if (k> 2) then call SOLUTION_2 (i,},k);
¢ =1;
endloop
endif

call c_ SOLUTION;

end_Procedure;{CUBE_NET}
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Procedure SOLUTION_1(i,j,k)

i-1
S = Hjj+k—l - Z Wi Winj Win ek
m=1
/I Compute and solve

- /I equations of the form

. Il x%y® =k
SZ - lﬁi+k—1j+k—1 - mZ:l ij Wm jrk-1 Wm jrk-1 // x3y2 — kz
/3
s
W = ==
35,
W, = Sl ;
| 3W.2

if (S,<0) thenw; =-w,

j

end_Procedure;{SOLUTION_1}

Procedure SOLUTION_2(i,j,k)

for m = j+1 to j+k-2

/I Obtain other input
/I weights of the i-th
I unit

i
Sl - lﬂmj+k71 - 62 an Wim an+k—1 :
n=1

Wi = Sy/OWW g ;

endloop

end_Procedure;{SOLUTION_2}
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Procedurec_SOLUTION
/I Solve for output

fori=1toN, /I weights

inp

WNunits—Ninp+i,i = 1'
endloop

end_Procedure;{c_SOLUTION}

Procedure ANALYZE_ 3

fori=1to N /I count the zero

inp

if ( Kyninp = 0') then zero_count = zero_count+1/ coefficients,

endloop
if ( zero_couh> 0) then /I store and set
for i =2 to Ny,-1 Il the flags
for j=11to N,
if ( Kjninp Z 0') then isw = i;
endloop
endloop
endif

end_Procedure;{ANALYZE_3}
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Procedure SWITCH
for i=11to N, /I Switch inputs x
for j=1i to N, /Il and x, to avoid
swapk, ;; andkg, Il zero coefficients
endloop
endloop

end_Procedure;{SWITCH}

Procedure REPLACE_3

for i=11to N, /I Replace zero
if (Kyininp=0) then Ky, = €; /I coefficients with
endloop /I a small +ve

end_Subruotine; {REPLACE_3} /I constant
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A.3. Third degree network mapping algorithm

Procedure 3d_NET
initialize all w's, a's andb’s with zeros;
call ANALYZE_3(isw, zero_count) // Count the zero
if (isw > 0) then call SWITCH,; /I coefficients
elseif (zero_count > O)hen call REPLACE_3;

I\Iunits = Ninp(N' +1)/2;

inp

if (N, > 1) then I/ Solve for input
for i =1 t0 Nyns - Nigp Il weights
N Ji+8 -1, .. Ik - # of
K= Ny, -round————)+1 ; /I inputs to
/l the i-th unit
o (N = kDN, - K Il'j - first
J 2 ' // input of the
/1 i-th unit

call SOLUTION_1(i,j,k);

if (k> 2) then call SOLUTION_2(i,j,k);

endloop
endif
call b_SOLUTION;
call a_SOLUTION;

end_Procedure;{3d_NET}



Procedureb_SOLUTION

for i=11to N,
I = Nunits+Ninp+i;
NInp
bl = kIII Z \NJIS !
j=1
w(l,i) =1;
endloop

end_Procedure;{b_SOLUTION}

/I Solve forb
/I coefficients

69



Procedurea_SOLUTION

I=1;
fori=1toN,,-1
forj=1toi
K = Njppi4]
-1
S = % - nZ:lW"j W, a ;
a = Sy/wWyw ;
[=1+1 ;
endloop
endloop
for i=11to N,
-1
8 =k - ) wna,;
[ =1+1;
endloop

end_Procedure;{a_SOLUTION}

/I Solve fora
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/I coefficients

/'l - unit #
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