Abstract

Neural networks for estimation, such as the multilayer perceptron (MLP) and functional link net
(FLN), are shown to approximate the minimum mean square estimator rather than the maximum
likelihood estimator or others. Cramer-Rao maximum aposteriori lower bounds on estimation error
can therefore be used to approximately bound network training error, when astatistical signal model
is available for its inputs and the desired outputs are Gaussian. The bounds help the user to
determine when to stop training, and to determine how closeto optimal the neural net’sperformance
is. When a linear preprocessor is sought to compress raw data, before it is input into a neural
network, the bounds can be used to determine the relative optimality of several candidate linear
preprocessors or transforms. A method is proposed for re-ordering the rows of the preprocessor’s

transform matrix. It is shown that asingle linear transformation can be used, even when more than
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I. Introduction

In the past severa years, neural networks [1-4] have been used for many tasks, including
classification and mapping. There have been many useful theoretical results concerning the
capabilities of neural nets. They have been shown to approximate Bayes classifiers when trained
using the mean square error (M SE) objective function [5,6]. They have been shown to have good
approximation capabilities [7-10]. Bounds on mapping performance, in the absence of noise, have
been found [11]. In parameter estimation [12], which can be considered to be a mapping problem
in which the inputs have noise, neural networks are beginning to find use [13-15]. One major
parameter estimation application is the inverson of terrain parameters from microwave
measurements, in remote sensing [16-20]. Another major application is power load forecasting
[21,22], inwhich an electric utility uses past and present power |oads, past and present temperature,
and other inputs to predict power load one hour, one day, or one week in the future.

Several problemsremain in neural net parameter estimators. It is not known whether such
estimatorsemul ate maximum likelihood estimators or minimum mean-sgquare estimators. Similarly,
itisnot known whether straight Cramer-Rao bounds or Cramer-Rao maximum aposteriori (MAP)
bounds on estimation error variance are appropriate. It is not clear how close neural network
parameter estimators come to being optimal. Because of the scaling difficulties of neural nets, it is
advantageousto compress their inputs via linear transforms. However, it isnot clear which of the
many available transforms should be used. It isnot clear which subset of the transform coefficients
are theoretically the most useful. It has been observed that network estimation performance can
deteriorate as new inputs are added and the network is retrained. It has been found that having a
separate network for each parameter often works better than having a single network trained to

estimate multiple parameters.



Inthispaper, neural netsarerelated to optimal minimum mean square parameter estimators.
In section 11, the limit of neural network training error isfound. It is pointed out that the Cramer-
Rao MAP bounds are bounds on the limit of the training error. These bounds require a statistical
signa modd of the noisy inputs, and can be tight when the parameters are Gaussian. In section 111,
these bounds are used in the theoretical evaluation of linear pre-processors. An efficient method is
shown for evaluating the bounds. The bounds are used to evaluate the relative performances of
transforms used as linear pre-processors. In section 1V, amethod is proposed for re-ordering the
transform’s coefficients. An objective function is proposed for combining the bounds for the
multiple parameter case. An order function isproposed, asamethod for determining the best subset
of an given transform’s coefficients. Examples are provided in section V toillustrate the proposed
methods. In our analyses of the second example, it becomes clear why adding extrainput features

can sometimes cause a decrease in the performance of the network.

[1. Parameter Estimation Using Neural Networks

Here we show that when a neural network, such asthe MLP, is applied to the problem of
parameter estimation, it approximates the optimal minimum mean square (MMS) estimator [12] in
an analogous fashion. Additionally, lower bounds on the variances of MMS estimation errors are
presented.
A. Limit of Neural Network Training Error

Consider an M-dimensional random vector V representing an observation. Let 6 bean N, -
dimensional vector of parameters we wish to estimate. The MMS estimate 0,,,,5 Which minimizes

the mean square error



eys = E[(O - eMMS)T(e = Byl 1)

isknown [12] to be

eMMS = E[0 |V] )

In many cases, equation (2) is difficult, or impossible to evaluate analytically. More tractable
alternatives such as maximum likelihood (ML) and MAP estimation are frequently used instead for
algorithm development and performance bounds. These are discussed in the next sub-section.
However, one need not compromise if aneural network-based approach is adopted as the network
can approximate the regression characteristic of equation (2). Thisis demonstrated theoretically
below.

Let F(V, W) represent the vector of output unit activationsin aneural net. The output units
are assumed to have activation functions which cover the ranges of the parameters to be estimated.

W isthe vector of network weights. The network’ s training error is written as

N,
1
N2 Z IF(V W) - 642 €)
where (V¥ 89 k=1, 2, ..., N, representsatraining set drawn from a popul ation that is representative
of thetrue statistics of V and 0.

We motivate minimum mean square estimation vianeural networksby thefollowing lemma

and proof.

Lemma: If the neural network F(V, W) minimizes e (W), in the limit as N, approaches «, then it



is the minimum mean square estimator of 0.

Proof: AsN, becomesarbitrarily large, by the Strong L aw of Large Numbers[23], equation (3) will

tend to

sW) = Tim e (W) = [[ IFVW) - 817p(v,6)dvel @
N~

where p(V, 0) is the joint probability density function (pdf) of V and 0. Since p(V, 0) =

p(0|V)p(V) we can rewrite (4) as

s(W) = [p(V) [ IF(V\W) - 0P| V)de[a - ©)

Minimizing equation (5) above is equivalent to minimizing the quantity in brackets

e(W) = [ IF(V\W) - 61°p(6] V)do (6)

which in turn is minimized when F(V, W) = E[0|V] = O,,s Thelemmais proven.

A sufficiently complex MLP can approximate the regression characteristic E[0|V] [7-10]
provided that: (1) the topology is of sufficient complexity, (2) the output activation functions have
sufficient range to span the parametersto be estimated, (3) unlimited training data are available that

are representative of the underlying statistics, and (4) training successfully minimizes e (W).

B. Lower Boundson Neural Network Estimation Variance
In MAP estimation [12], rather than minimizing E[0|V] directly, one triesto minimize the

conditional density



Py o(V10)P,(6)
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pe|v(e |V) =
evaluated at V equal to the observation V. The MAP and MM S estimates are equivalent when pyy,
has its maximum at 0,,,s [12]. The denominator of equation (7) can be ignored asit is a constant

that depends only on the observation. For computational convenience we take the log of both sides

to yield the log-likelihood function (LLF)

AMAP — AMLE + AAP, (8)

where A" = (n(p, o), AMF = tn(py ), and A* = tn(p,). The superscripts MLE and AP respectively
stand for maximum likelihood estimation and a-priori.

The elements of the MAP Fisher information matrix (FIM) JY” are obtained by [12]

aAAP aAAP
J__MAP - E J__MLE +E =,
ij 9[ ij ] e[ ael aej ]
(9)
] MLE _ £ [ aAMLE aAMLE]
ij - N
a6 aej

where Eg[-] denotes expected value over the parameter vector 0 and E,[-] denotes expected value

over the noise. Assume that the elementsv, of V are modelled as
Vk = S( + Ek (10)
where the elements S, and E, are respectively elements of the signal and Gaussian noise vectors S

and E. Sisadeterministic function of the parameter vector 6. The M by M covariance matrix of

V or E isdenoted by C,,.. The elements of J¥" in (9) can now be evaluated as
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(11)
a AAP a AAP
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where dy(i,j) denotes an element of C,*, where C, isthe N, by N, covariance matrix of the N-

dimensional parameter vector 6. Let (") denote an element of (J*")™. Then [12],

var(6 - 6) > (IMAPyi (12)

where 0,” can be any estimate of ©,.

I11. Theoretical Evaluation of Linear Pre-processors

Neural networks require training for use as parameter estimators. Since the time required
for typical training methods, such as back-propagation (BP), grows at super-linear rates with the
number of inputs, compression of the data through transforms yields a great cost advantage. Here
we explore the use of linear transformations to reduce the amount of data presented to the neural
network for processing.

Consider an observation vector Z = (z, z,..., Zy)', with mean vector, Ey[Z] = s= (S}, Sy-..,
s\)", and covariance matrix C,. A linear transformation of Z into afeature vector V can be expressed

as the matrix multiplication:

V=0-Z (13)

where @ isan M by N transformation matrix and V isan M by 1 vector. In thiscase, asmaller (M

<N), transformed feature vector can reduce the number of inputsrequiredinaneura network-based



estimator, which reducesthe size of
the network topology and hence the

computation speed.

In Fig. 1, a parameter
estimation system is shown which

consistsof alinear preprocessor and

an MLP neura network. Given a

Figure 1. MLP Network With Linear Pre-Processor
set of linear transform matrices @,

our goal isto determine which linear transform is the most optimal. For a given parameter 6, from
the vector 0, and for a given value for M, the optimal transform is that which yields the lowest

Cramer-Rao MAP bound on var(6,'-0,).

A. Efficient Bound Calculation

In this subsection we develop efficient methods for calculating the MAP bounds. The

covariance matrix of the feature domain noise, C,, is calculated as

C,=®C,0’ (14)

For simplicity, let'sassumethat (1) V has Gaussian noise, (2) the covariance matrix C, isdiagonal,
and that (3) 0 is Gaussian. The first assumption is usually good, even if the noise vector E is non-
Gaussian, because of the central limit theorem. Note that the noiseless signal component Sof V is
not Gaussian, since elements of sare not statistically independent. The second assumption is good
whenever the elements of E are from a stationary noise sequence and when ® corresponds to an

orthogonal transform. The third assumption is necessary if the MAP bounds are to be tight. The



MAP FIM element in (9) and (11) can be rewritten as
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where the argument M in J**(M) denotes the number of features v, used and where d, (m,n)
denotes an element of C, . The recursive calculation of JM*°(k+1) from J¥*P(k) can be devel oped
from (15) as

k

30 = dyi) + Y um),

m=1
JijMAP(k+1) _ ‘]ij MAP(k) + uij(k+1),

_ g1 98Sm) oS(m), (16)
u(m) = E 0, o ]-d,(m,m),

M _ ¢ o
o o e

where the u;(k) can be computed and stored prior to the calculation of the FIM, ¢, is an element

of the transform matrix ®, and where s, isE,[z/].

B. Transform Evaluation Method

Many transforms are candidates for compressing the vector Z into the feature vector V.
These include fast transforms [24] such asthe fast Fourier transform (FFT) implementation of the
discrete Fourier transform (DFT), the fast Walsh transform (FWT), the discrete cosine transform
(DCT), and the wavelet transform [25]. Another candidate transform is the Karhunen-Loeve
transform (KLT) [12,26], which does not have a fast implementation. The KLT is theoretically

optimal [26] for compressing datafor accurate reconstruction. Thisisno guaranteethat it isoptimal



if the goal isparameter estimation from transformed data. In practice, aswe shall see, the KL T can

give very good compression results for some data sets. A methodology for comparing feature sets,

in order to determine their optimality relative to each other, is given below.

Q) If py is known (e.g. in MAP estimation), select an appropriate method to numerically
evaluate the Cramer-Rao MAP bounds in (9) and (12). Use (16) for the case where C, is
diagonal and 0 is Gaussian.

2 For the raw observation case ( ® = | where| denotes the identity matrix), find the bounds.
The raw observation case gives an indication of what the theoretical ideal is for the
transformed observation case.

3 For each transform to be evaluated, increase the number of features until the Cramer-Rao
bound for the transform case approaches acceptably close to that for raw time domain data.

For a given number of features M, the best transform is that with the lowest bound.

V. Optimal Ordering of Transform Feature Sets

There are some significant problems with step (3) in the previous subsection. There is no
guaranteethat atransform’'snatural order yieldsthe best results. Multiple parameters complicatethis
problem further. If asignal model isbandpassfor example, thelow frequency DFT coefficientsmay

do poorly, while coefficients close to the signal’ s center frequency do well.

A. Objective Function
For the one parameter case, it isfairly easy to order the transform coefficients. When adding
asingle new coefficient to the feature vector, we merely add that coeffient which most decreases

the bound on the parameter’s error variance. However, it is not clear how to order a transform’s



coefficients according to their performance for the case of multiple parameters. For the two
parameter case for example, the first parameter may be optimally estimated using features (v, Vs,
V;) while the second parameter may be optimally estimated using features (v, Vs, V,,). Evenworse,
parameter 6, may be best estimated using DCT coefficients while parameter 0, is best estimated
using DFT coefficients. When we have multiple parameters, it is necessary to define an objective
function to help reconcile conflicting resultsfrom theindividual parameters. The objectivefunction

that we have chosen is the weighted sum of Cramer-Rao MAP bounds,

N

oK =Y w-"(K)" (17)

P
, i
i=1

where (J"*F(k))" is the MAP bound on the ith parameter’s error variance for the case of k features,

w; isapositive weight, and N, is the number of parameters to be estimated.

B. Order Function Determination for the Multiple Parameter Case

Giventhat atransform matrix ® hasbeen chosen, using the procedure of section I11, our goa
is to develop a procedure for finding the best M-element subset of the N original features, v,.
However, the number of M-element subsets of N featuresis N!/((N-M)!M!), which can be very
large. Our solution to this difficulty is to order the features so that our best M-element subset
consists of thefirst M elements of an ordered feature set. In other words, the feature subset of size
M isformed by finding the best new feature to add to the subset of size M-1.

Let o(k) denote an integer-valued order function such that (1) o(k) takes on unique values
between 1 and N ask variesfrom 1 to N and that (2) the features v, for 1 < k < M are optima for

every positive value of M beween 1 and N. Now, (16) can be rewritten as



k
J;MPK) = dy(if) + Y u(o(m),
m=1 (18)
J; " (k+1) = J;M(K) + uy(o(k+1))
For the multiple parameter case, we pick o(1) as

o(1) = argmint O(1) !

where the argmin is over o(1) and

IR = dy(i) + uy(o(2)

To find the best value of o(k+1) given o(1) through o(k), we choose o(k+1) as

o(k+1) = argmin{ O(k+1) }

where the argmin is over o(k+1) and

3" (kv 1) = 3™ W) + uylo(k+1)

V. Experimental Results
A. Finding the Best of Four Transforms
Asafirst example, we use the method of section 111 to find the best of four transforms. We

generated a signal z, with the signal model

z = Ae

n
T

+ n(n)

where n(n) was zero-mean Gaussian white noise with a standard deviation of .1 and n varies from



0 to 127. The random parameters A and t had uniform probability density functions which

varied from 1 to 2 for A and varied

0.03
5
o025 |
from 10 to 20 samples for z. The 3 W\
5 002 |\
covariance matrix for these & Cors %
% 0 1\
. . 5 \ \\
parameters was used in (16), as if g 001 | x
8 A
o T
the parameters were Gaussian. The 30005 X\ \Nr:,ﬂ%ﬂzm
.. 0
number of trammg Vectorswast 12 3 4 5 6 7 8 9 10 1112 13 14 15 16
Number of Features
= 1000. As a first task, we can RAW — DFT —>— KLT
—=—FWT DCT
determine which transform out of a
: . Figure 2. MAP Bounds on Parameter A for
group of four is the most optimal.
4 Transforms

The four transforms to be

evaluated, using theapproach of sectionI11, arethediscrete Fourier transform (DFT), theKarhunen-

Loevetransform (KLT), the fast walsh transform (FWT), and the discrete cosine transform (DCT).
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In both plots, we see that only two



KLT features are needed to closely approach the performance of the raw data case. The DCT and

DFT perform aswell asthe KL T, only after 8 or 9 features are used. The FWT seems |lesseffective

than the other transforms, especially when estimating the time constant <.

As a second task, we
evaluated the performance of the
KLT featuresin an MLP network.

MLPs trained to estimate both
parameters had topologies of the
form M-10-10-2. In other words,
there were M input transform
coefficients where M varies
between 2 and 16. The networks
had 10 unitsin each of two hidden
layers.

The networks were trained viafive
iterations of output weight
optimization [16-19,27-29], which
solves linear equations for output
weights. The particular variation of
OWO usediscaled OWO-BP[19],
whichusesbackpropagation (BP) to
improve hidden unit weights. The

training and testing sets each had

Figure 4. Boundsand Testing MSE for KLT
and Parameter A

Figure 5. Boundsand Testing MSE for KLT
and Parameter ©



5,000 patterns. In the function O(k), w; = .1 (for the amplitude A) and w, = .9. The Cramer-Rao
MAP bounds on var(A-A’) for raw data and KLT feature data are given in Fig. 4. Bounds for
estimates of t are shown in Fig. 5.

Thetesting resultsfor the corresponding ML Ps are also shown in the figures. The ML Ps performed
well and closely approached the bounds. Note however, that the performance in estimating t
decreases as the number of features increases past 2. This occurs because the extra features act as

noise, making the training more difficult.

B. Optimizing Transform Feature Order
As a second example, we use the method of section IV find the best feature order when the

DFT isused to compress atime domain signal. We generated asignal z, with the signal model

n

z = Ae T-sin(oa-n) + n(n)

where n(n) was zero-mean Gaussian white noise with a standard deviation of .1. The random
parameters A and t had independent Gaussian probability density functions with respective means
of 1.5 and 15, and with respective standard deviations of .1 and 1.5. The frequency w had avalue
of .5 radians. ML Ps trained to estimate both parameters had topologies of the form M-10-10-2 as
before, and OWO-BP training was used. As before, the training and testing sets each had 5,000
patterns.

We evaluated the performance of real and imaginary parts of DFT features. In the function
O(k), w, = .1 (for the amplitude A) and w, = .9. The Cramer-Rao MAP bounds on the variance of
the A estimate, for raw data, DFT feature data, and optimally ordered DFT featuresaregivenin Fig.

6.



Bounds for estimates of t

are shown in Fig. 7. The

testing results for the

corresponding MLPs are 1
also showninthefigures. In
figures 6 and 7, note that 1

ordered features have lower

bounds, denoted as optimal

MAP Bcr, than do the non-
Figure 6. Boundsand Testing M SE for Parameter A

ordered DFT features

whose bounds are denoted by MAP-Bcr. In fact, the optimal MAP bounds are very close to the

bounds for raw time domain data.

However, note that the

estimates of t require two

features while the

estimation of A requires

many more. The additional 1 — e o

features, although useful for

estimating A, are merely

noise as far as t is

concerned. This explains _ _
Figure 7. Bounds and Testing M SE for Parameter t

why neural net performance

can deteriorate when the number of inputsisincreased.



Note that the neural net testing results are very close to the corresponding MAP bounds.
When this occurs, the neural net performance is clearly adequate, and no further training is
necessary.

V1. Conclusions

In this paper, we have shown that a neural network can approximate the minimum mean
square estimator arbitrarily well, provided that it is of adequate size and is well-trained. We have
described the utility of linear transformationsto compressdataefficiently for purposesof estimation
vianeural net techniques. A method for comparing transforms based upon transform domain error
boundswas presented and amethod for improving thetransform through re-ordering was described.
The bounds give clues as to how many transform coefficients are necessary and when training can
be stopped. They also help us to understand why it is often productive to have separate MLPs for
each parameter to be estimated.

Several problemsremain to be solved. Although equation (16) works for the non-Gaussian
parameter case, as demonstrated in our first example, the validity of this needsto be proven. Also,
bounds need to be extended to the case where no signal model is given. These problems will be
addressed in future papers.
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