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Abstract. 

A common way of designing feed forward networks is 
to obtain a large network and then to prune less useful 
hidden units. Here, two non-heuristic pruning 
algorithms are derived from the Schmidt procedure. In 
both, orthonormal systems of basis functions are found, 
ordered, pruned, and mapped back to the original 
network. In the first algorithm, the orthonormal basis 
functions are found and ordered one at a time. In 
optimal pruning, the best subset of orthonormal basis 
functions is found for each size network. Simulation 
results are shown.  
 
1. Introduction 

 
The most common approaches for obtaining neural 

network topologies are growing methods and pruning 
methods.  In growing methods, new hidden units are 
added during the training process [4][12]. A drawback of 
growing methods is that the network can get trapped in 
local minima and they are sensitive to initial conditions. 
In pruning methods, a large network is trained and then 
less useful nodes or weights are removed [11][1][8][15]. 

Pruning methods can be classified as sensitivity based 
methods and penalty-term methods. In sensitivity 
methods the error sensitivity to the removal of an element 
is estimated, and according to this is selected the elements 
to remove. In penalty-term methods a cost function is 
used that drives unnecessary weights nearly to zero. Since 
the cost function may include sensitivity terms there could 
be some overlap between both methods.  

In this work pruning methods are presented that use a 
modified version of the Gram-Schmidt procedure [18] to 
obtain the Multilayer Perceptron (MLP) configuration 
with good performance. It is explained for the case of a 
three layer MLP with full connectivity [5]. The process 
starts using a similar approach to the method reported by 
Kaminsky and Strumillo [18] for Radial Basis Functions. 
Then using a modified Schmidt procedure the system is 

transformed into a new system that consists of linearly 
independent and orthonormal basis functions. The new 
system is expressed in terms of the estimated 
autocorrelation and crosscorrelation matrix elements of 
the original neural network. Then taking advantage of the 
orthonormal condition an expression is obtained for the 
output weights. Using these results the error of the MLP 
can be calculated for different size hidden layers, and also 
for different combinations of hidden units. Using these 
results a method for evaluating basis functions is defined 
and algorithms for getting the best configuration of the 
MLP are given. Once the hidden units (orthonormal basis 
functions) are selected their weights are transformed into 
the final form of the network. 

The paper is organized as follows way. In  section 2 the 
MLP and the required notation are defined. In section 3 a 
modified Schmidt process is presented as well as 
necessary weight transformations. Sections 4 and 5 
explain basic and optimal pruning respectively. Results 
are given in section 6. Final comments and conclusions 
are given in section 7.   

 
2. Multilayer perceptron and modified 

Schmidt procedure 
 
Multilayer perceptron 
 

Figure 1 depicts feedforward MLP, having one hidden 
layer with Nh nonlinear units and an output layer with M 
linear units. From Figure 1, the net value (netp j) and the 
output value (Op j) for the jth-hidden unit for the pth training 
pattern are defined as ( )jpjp netfO =  with 
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Here the threshold  of  the jth node is  handled by letting  
xp N+1 be one. Weight w(j,i) connects the ith input to the jth 
hidden unit. 

For the MLP the most common activation functions are 
the sigmoid function for hidden layers and linear 

 

 



   

 

functions for the output layer. In a two layer MLP the jth 
output in the hidden layer is given by,  
 

The kth output for the pth pattern is, 
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where 1 ≤  k ≤  M. There are Nv training patterns denoted 
by ( ){ } VN

ppp tx
1

,
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where each pattern consists in an input 
vector xp and a desired output vector tp. For the pth pattern, 
the N input values are xp i,(1 ≤  i ≤  N) and the M desired 
output values are tp k (1 ≤  k ≤  M).  

Example training algorithms are Backpropagation [14], 
Output Weight Optimization � Hidden Weight 
Optimization [3], and Genetic Algorithms [10][2][6]. The 
mapping error for the pth pattern is 
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In order to train a neural network, for one epoch the 
mapping error for the ith output unit is defined as  
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The overall performance of a MLP network, measured as 
Mean Square Error (MSE), can be written as 
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3. Schmidt procedure for Neural Nets 

 
The output of the network in (3), can be rewritten as 
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where xk = Op (k-N -1) for N+1< ≤k Nu where Nu is the total 
number of units equal to N + Nh + 1. In equation (7), the 
signals xk are the raw basis functions for producing yi. 

The normal Gram-Schmidt procedure [17] is a 
recursive process that requires obtaining scalar products 
between raw basis functions and orthonormal basis 
functions. The disadvantage in this process is that it 
requires one pass through the training data to obtain each 
new basis function.  In this section a more useful form of 
the Schmidt process is reviewed, which will let us express 
the orthonormal system in terms of autocorrelation 
elements.  

 
Basic Algorithm 

 
The mth orthonormal basis function xm�, can be 

expressed as 

∑
=

=
m

k
kmkm xax

1
'  (8) 

From equation (8), for m = 1, the first basis function is 
obtained as 
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where 

( ) ∑
=






==

vN

p
jpip

V
ji xxNxxjir

1

1,,     

. 
 (11) 

For values of m between 2 and Nu, ci is first found for 
1 ≤≤ i m-1 as 
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Then obtain m coefficients bk as, 







=

−≤≤−= ∑
−

=

1

11
1

m

m

ki
ikik

b

mkacb
   (13) 

Finally for the mth basis function the new amk coefficients 
(for mk ≤≤1 ) are found as  
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Equating yi in (7) to  

( )∑
=

=
Nu

q
qOi xqiwy

1

'' ,      . (15) 

where the weights in the orthonormal system are 
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and using (8) we obtain output weights for the system as  
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Substituting (15) into (5) we obtain E(i) in the 
orthonormal system as  
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If we decide to use the first Nhd hidden units in our 
original network, the training error is 
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Modifying (17) the output weights would be  
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4. Ordered pruning 

 
In section 3, no attempt is made to order the hidden 

units according to their usefulness. In this section we 
modify the Schmidt procedure so that during pruning 
useless basis functions xm� are eliminated. 

Let j(m) be an integer valued function that specifies the 
order in which raw basis functions xk are processed into 
orthonormal basis functions '

kx . Then '

mx  is to be 
calculated from xj(m), xj(m-1) and so on. This function also 
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defines the structure of the new hidden layer where 
uNm ≤≤1 and ( ) uNmj ≤≤1 . If j(m) = k then the mth unit 

of the new structure comes from the kth unit of the original 
structure.  

Given the function j(m), and generalizing section 3, the 
mth orthonormal basis function is described as 
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Initially, '

1x  is found as a11 xj(1) where  
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for 1 ≤≤ i  m-1. Second, we set bm=1 and get  
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for 11 −≤≤ mk . Lastly, we get coefficients amk as 
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for mk ≤≤1 . wo�(i,k) is found as  
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Basic pruning. 
 

The goal of pruning is to find the function j(m) which 
defines the structure of the hidden layer. Here it is 
assumed that the original basis functions are linearly 
independent i.e. the denominator of equation (25) is not 
zero.  

Since we want the effects of inputs and the constant �1� 
to be removed from orthonormal basis functions, the first 
N+1 basis functions are picked as,  

( ) 11 +≤≤= Nmformmj      , (27) 
The selection process will be applied to the hidden units 

of the network. We now define notation that helps us 
specify the set of candidate basis function to choose in a 
given iteration. First, define S(m) as the set of indices of 
chosen basis functions where m is the number of units of 
the current network (i.e. the one that the algorithm is 
processing). Then S(m) is given by 
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Starting with an initial linear network having 0 hidden 
units, where m is equal to N+1, the set of candidate basis 
functions is clearly Sc{m}= { } ( )mSN u −,,3,2,1 … , which 
is { }uNNN ,,3,2 …++ . For N+2 ≤ m ≤ Nu, we obtain 
Sc(m-1). For each trial value of j(m)∈ Sc{m-1}we perform 
operations (23), (24), (25), and (26). Then P(m) is  
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The trial value of j(m) that maximizes P(m) is found. 
Assuming that P(m) is maximum when testing the ith 
element, then j(m) = i. S(m) is updated as 

( ) ( ) { })(1 mjmSmS ∪−=      . (30) 
Then for the general case the candidate basis functions 

are, ( ) { } ( ) ( ) ( ){ }1,,2,1,,3,2,11 −−=− mjjjNmS u

c ……  with 
Nu�m+1 candidate basis function. By using equation (29) 
after testing all the candidate basis function, j(m) takes its 
value and S(m) is updated according to equation (30). 
Defining Nhd as the desired number of units in the hidden 
layer, the process is repeated until m = N+1+Nhd. Then 
the orthonormal weights are mapped to normal weights 
according to equation (20). 

 
5. Optimal Pruning 

 
As in the basic pruning case the optimal pruning 

algorithm uses the first N+1 units (inputs and threshold) 
without reordering, so that j(m) = m for 11 +≤≤ Nm . 
The first N+1 orthonormal basis functions are generated 
by obtaining the corresponding ank coefficients (with 

11 +≤≤ Nn  and nk ≤≤1 ) according to equations (25), 
(23) and (24). In addition, set S(m) (m= N+1) is given by 
equation (28).  

Next the algorithm looks for the optimal hidden units of 
the network, where the unknowns are the values of j(N + 
2 ) to j(N + 1 + Nhd). The initial set of candidate basis 
functions is Sc(N+1) with Nh elements.  

Then Nhd defines the basis function set size for the 
algorithm. In testing the candidate basis function set, all 
combinations of Nhd hidden units are taken from Sc(N+1). 
In optimal pruning we test all possible subsets of Nhd 
hidden units.  

Defining nc as the number of orderings of Nhd hidden 
units, the number of networks to test is given by 
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For each candidate network the energy is estimated as  
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where each value of j(mq) will correspond to a hidden unit 
that forms the network being tested. Here mq defines the 
qth element of the combination being tested. 

Then the final solution will be the set of hidden units 
that maximize equation (32). In this way j(m) take its final 
value and S(N+1+Nhd) is updated as  
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Once that j(m) and ank ( hdNNn ++≤≤ 11 , nk ≤≤1  ) 
are found the final output weights wo(i,k) are obtained by 
using equation (20).  

 
6. Results 

 
The pruning algorithms were tested using training data 

corresponding to four cases. In each case we trained a 
network (100 epochs) used it as input to the algorithms. 
The first example corresponds to the task of inverting the 
surface scattering parameters from an inhomogeneous 
layer above a homogeneous half space [7], where both 
interfaces are randomly rough. The network has 8 inputs 
and 7 outputs, and the file has 1768 training patterns. The 
inputs consist of eight theoretical values of back 
scattering coefficient parameters at V and H polarization 
and four incident angles. The outputs were the 
corresponding values of permittivity, upper surface 
height, lower surface height, normalized upper surface 
correlation length, normalized lower surface correlation 
length, optical depth and single scattering albedo which 
had a jointly uniform pdf. The second case corresponds to 
a neural network that performs demodulation of an FM 
(frequency modulation) signal containing a sinusoidal 
message [13]. The third plot was generated using data 
obtained from TU Electric Company in Texas where the 
first ten input features are the last ten minute power load 
in megawatts for the entire TU Electric utility [9]. The 
desired output is power load fifteen minutes in the future 
from the current time. All powers were originally sampled 
every fraction of a second, and averaged over 1 minute to 
reduce noise. Finally the last case corresponds to the 
inversion of radar scattering [16]. The training set 
contains VV and HH polarization at L 30, 40 deg, C 10, 
30, 40, 50, 60 deg, and X 30, 40, 50 deg along with the 
corresponding unknowns rms surface height, surface 
correlation length, and volumetric soil moisture content in 
g/cubic cm. 

From the figures, we see that optimal pruning is better 
than basic pruning.  
 
7. Conclusions 

 
In this paper, two pruning algorithms are given for the 

MLP. Optimal pruning shows better performance than 
simple pruning but is much more computationally 
expensive. The modified orthogonalization procedure is 
more efficient than normal Gram-Schmidt method and 
provides a more suitable framework for pruning. 
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Figure 1. Artificial neural network, two layers MLP. 

 
 

 
Figure 2. Inversion of Surface scattering parameters. 

 
 

 
Figure 3. Demodulation of an FM signal 

 
 

 
Figure 4. Electrical Power load forecasting.  

 
 

 
Figure 5. Radar scattering  
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