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Abstract

Previoudly, it has been shown that neural networks approximate minimum mean sguare estimators.
[N minimum mean square estimation, an estimate 6’ of the M-dimensional random parameter vector
0 is obtained from anoisy N-dimensional input vector y where y has an additive noise component
e. For the Cramer-Rao maximum a-posteriori boundson thevariance of elementsof 0-0 to betight,
two necessary conditions are that the mapping fromy to 0 is bijective and that e and 0 are both
Gaussian. In this paper, we relax the second condition and develop bounds on the variances of
elements of 0’-0 for the case where the input noise vector e and the random parameter vector 0 are
non-Gaussian. First, we use linear transformations to obtain a new parameter vector ¢ from 0 and
anew input vector x from y. The parameter vector ¢ and n, the noise component of the vector X,
are approximately Gaussian because of the central limit theorem, so Cramer-Rao maximum a
posteriori boundson the variance of dementsof ¢’-¢ can betight. Lastly, aninversetransformation
produces bounds on variances of elementsof 0-0. It isshown in examplesthat the bounds are tight

when a neural network is used to estimate parameters of noisy exponential waveforms.
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I. Introduction

Neural networks have been used to estimate a parameter vector O from anoisy input vector
y in many applications including remote sensing [1-3], forecasting of power loads for electric
utilities[4-6], and in the design of nonlinear feedback controllersin robotics[7-10]. Recently, it has
been shown that the training error for such neural network estimatorsis minimized when the neural
network approximatesthe minimum mean square estimator E[0 |y] [11,12]. The performance of the
estimator is characterized by the Cramer-Rao maximum a-posteriori (CRM) bound, which is
obtained from the maximum a-posteriori (MAP) Fisher information matrix (FIM), J“*7[11-13].

In neural network applications, the bounds represent target values for the network training
error (mean-squared error). When this target is reached, training can be stopped. Failure of the
training error to reach the bounds alerts the user to the fact that further or better training is
necessary, that alarger network is required, or that the mapping from y to 0 is not bijective.

When the elements of 0 are not jointly Gaussian, the Fisher information matrix may be
impossible to calculate, or the bounds may be too small. Let 8’ denote an estimate of 0. In this
paper, we develop bounds on the variances of elements of 0°-0 for the case where the input signal
y and the parameter vector 0 are not limited to having Gaussian probability density functions (pdfs).
Thiswill facilitate the extention of the CRM boundsto applications such as power load forecasting,
which is part of the closed loop control of utility power systems. In section II, we review some
relevant details of the CRM bounds, and motivate our work. In section |11, we describe a
transformation approach for approximately converting non-Gaussian vectorsy and 0 into Gaussian
vectors. In section IV, bounds are first found for the transformed parameters and then the bounds
are transformed to the non-Gaussian case. Simulations that demonstrate our results are presented

insectionV.



[I. Theory

In this section we review the CRM boundsfor the general case, the additive Gaussian noise
and Gaussian parameter case. We then look at the case of where 0 isjointly uniform.
A. General Case

In minimum mean square estimation [13], an M-dimensional random parameter vector 0 is
to be estimated from an N-dimensional noisy input vector y. Before CRM bounds can be cal culated,

we need to obtain the MAP Fisher information matrix (FIM), J,"AF [11-13], whose €l ements are

defined as
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where E4[+] denotes expected value over the parameter vector 0, E[-] denotes expected value over
the noise, and MLE denotes maximum likelihood estimation. Let (J,*F)" denote an element of

(JMAP)L, Then [13],
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where 0,” can be any estimate of ©,.



B. Gaussian Noise and Parameters

For the additive noise case, elements of y are modelled as

y(n) = s'(6.n) + en) 3)

where s'(0,n) is the nth element of the deterministic signal vector sand e(n) is the nth element of
the additive noise vector e, which hasthe covariance matrix C.. Theindependent variable n may or
may not represent discretetime. If 0 is Gaussian and if eisadditive and Gaussian, the elements of

Jo"*Pin (1) can now be evaluated as
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where d,(i,j) denotesan element of C,*, where C, isthe M by M covariance matrix of the parameter
vector 0. Note that for the Gaussian case, the limit of the bounds in (2), as the noise variance

increases, yields
var(0 - 0)) > var(6)) (5)
which is satisfied with equality when 6,” = E[0,]. This property of the CRM bounds, which holds

for the Gaussian parameter case, is called the limit property. CRM bounds must have the limit

property to betight. This property then, is a necessary condition for tightness.

C. Uniform Parameter Case

In many applications parameters are often bounded or nonnegative, and therefore non-



Gaussian. Consider the case where elements of 0 are statistically independent and uniform. In order

to make the pdf py(0) differentiable, we give Gaussian tailsto each of its an elements as
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Evaluating the a-priori part of (1), we get
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In the limit aswe let 02 go to zero, the term in (7) goesto infinity and the CRM bounds go to zero.
For the uniform parameter case and many other cases where py(0) is zero for finite 0;, the CRM

bounds lack the limit property, are equal to zero, and are clearly useless.
In the remainder of this paper, our goal isto develop new bounds on var(6,’-6;) which have

the limit property and are potentially tight, even when y and 0 are non-Gaussian.

[11. Transformations of Input and Parameter Vectors

Assume that the input vector y and parameter vector 0 are non-Gaussian, but that y has
additive noise. It iswell-known that the stochastic Cramer-Rao bounds are usually not tight for this
case. Our goals here are to convert the input vector y and parameter vector 0 to anew input vector

x and parameter vector ¢ with approximately Gaussian probability density functions (pdfs).

A. Input Signal Vector

Assume that the input vector y is put through a linear transformation, as x = B-y, before it



is fed into the estimator. The signal and noise components of x are S(0) and n respectively. The

noise covariance matrix C,, is



C, = B-C/BT (8)

Thevector x isapproximately Gaussian because of the central limit theorem[14]. The matrix B can
be chosen in at least two ways. Firdt, it can be arectangular transformation matrix of size N by N,
used for compressing the inputs down to a managable number, while minimizing the degradation
of the estimates[15]. In this case N’ << N. Second, B may represent the weights which feed the
input vector y into net functions [16] of amultilayer perceptron (MLP). C, isused inthe MLE log

likelihood function for 0, which is

A = In(p,(x18)) =C-(-S(O)C, " (-(6)) ©

where C denotes a constant.

B. Parameter Vector

Following the same procedure used for theinput vectors, wewant to transform the parameter
vectorsas ¢ = A-0. The covariance matrix for ¢ iseasily shown to be
Cy = A-C,AT (10)

Here, we want to constrain A such that the elements of ¢ are approximately statistically

independent, and C, is diagonal. We choose the matrix A as

A =P-S (11)

where S denotes a diagona matrix which normalizes the elements of 0 to unit variance and where

the matrix P denotes an orthogonal matrix such as the DCT (discrete cosine transform [17])



transformation matrix. Clearly then, many matrices A exist. Asthe dimension M of 0 increases, ¢
becomes Gaussian viathe central limit theorem.
V. Stepsin the Derivation

In thissection, our goal isto find the MAP FIM for ¢ and useit to find an approximate FIM
for O.
A. Fisher Information Matrix for Transformed Parameters

In order to find the MAP FIM for ¢, we rewrite the FIM expressionsin (1) and (4), using

x and ¢ instead of y and 0. Relevant conditional pdfs are found as

Peo(x10) = p,(x-5(6))
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The MLE log likelihood function for 0 in (9) is now rewritten for ¢ as
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Similarly, the apriori log likelihood function for ¢, whichis

Ay = In(p,) (14)

can be approximated via the central limit theorem as
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where b,(m,n) denotes an element of the matrix C,;* and m,(m) denotes an element of the mean

vector m,, = E[}].

The next step in the derivation is to find the MAP FIM J,"4" for parameter vector ¢.

Elements of J,M*" are found as
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where E,[-] denotes expected value over the noisein x. Using,
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where d,,; denotes an element of A™ and where

35 em = (e (0 (21)

Note that J,"" is a pseudo-MLE FIM that would be the correct MLE FIM if n were Gaussian.

Next, we need to find the a-priori part of J,"F. Using the Gaussian approximation of the

pdf of ¢,
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Elements of the a-priori part of the MAP FIM are found as
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where c,(m,n) denotes an element of matrix C,. Using (20), (21) and (24), J,"*" iswritten as
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B. Pseudo Fisher Information Matrix

The MAP FIM J,**"in (25), which is used to find bounds on variances of elements of the

vector ¢’-¢, can be rewritten as

MAP (AT) 1 "MAPA 1 (26)

where J,"F is defined using (25) and (26) as
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Note that the matrix J,"* is not an approximation of J,"" and is not used to find the true CRM

bounds, which are likely to be very small, if not zero, and therefore useless. For lack of a better

name then, J,"7

istermed the pseudo-MAP Fisher information matrix for 0.
Lastly, we need to establish that J,“'*F has a useful relationship to our estimation error

variances. Let Cq., and C,,., denote covariance matricefor 6’-0 and ¢’ -¢ respectively. We can get



Cpy = ACy AT (28)

Itisobviousthat off-diagonal elements of C, , and C,, ., are zero. The estimation error variances

can be written as
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where [W];; denotes the ith diagonal element of the matrix W.
Cramer-Rao bounds for parameter vector ¢ are diagonal elements of (J,"")* so
var(@'i-4) > [ (3" "], (30)
which can be rewritten as
[ ACy AT 1. > [ Ay AT ], (31)
When the bounds in (30) are tight, we can use the fact that (J,"")* = C,,.,, to write
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We have now shown that J,"*"

can be used to obtain bounds for non-Gaussian parameter vectors
when M is sufficiently large.

In summary, the bounding process has two steps as follows.
(2) A transform matrix B is found which converts to observation vector y into an observation

vector x which is approximately Gaussian.

(2) The pseudo-MAP FIM J,M*® is calculated using C,, asif 6 were Gaussian, and the bounds



are found.

Interestingly enough, the transform matrix
A drops out of the derivation and never hasto be
found. Also, the pseudo-MAP FIM J "7 is the
same as the MAP FIM used when the parameter

vector 0 is Gaussian, so the bounds given in (32)

have the limit property. Unlike A, the matrix B is
Figure 1. MLP Parameter Estimation
more than just atheoretical tool in our derivations. Network
Compression of neural network inputs is critical if
one wants to speed up training and eliminate uselessinformation [12,15]. A system which usesthis
compression concept is shown in Fig. 1. In the figure, the input layer weights transform the N-

dimensional vector y into the N’-dimensional vector x via the matrix B. The remaining layers

processx into 0.

V. Example

As an example we generated 5,000 training patterns, each of which had 128 noisy input

samples (N=128) of the form

y(n) = Ae™ + n(n)

where A and t had uniform pdfs which varied respectively from 1to 2 and 10 to 20 for t. The noise
n(n) was also uniform with zero-mean and a standard deviation of .1 . The 128-sample waveforms,
y(n), were first compressed down to N’-sample waveforms x(n) (asin Fig. 1.), using the discrete

Karhunen-Loeve transform (KLT) [17], where N varied from 1 to 8. Assuming that x and 0 were



Gaussian, we calculated the CRM bounds as a function of the number of transform features, N'.
MLP neura networksof sizeN’-20-10-2 weretrained viaoutput weight optimization (OWO) [1,3].
In figures 2 and 3, we plot the CRM bounds and neural network training errors versus N’. Also
plotted is the final CRM bound for the case where all 128 features are used. Clearly, the bounds
provide useful limitson MLP training

error, even though the data was not Gaussian. We repeated this example for the discrete Fourier
transform (DFT) [17]. Resultsfor A and t are shown respectively in figures 4 and 5. As with the
KLT, the bounds aretight, in spite of the fact that the datais not Gaussian. Figures 2 through 5 also
reveal that the KLT is far better for compressing waveforms than the DFT, if the goal is to

estimation of exponential parameters.
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VI. Conclusions

In this paper we have developed CRM bounds on error variance of parameter estimates for
the case of non-Gaussian additive noise and non-Gaussian parameters. These bounds have the limit
property, which is a necessary condition for tightness. As seen in an example, the bounds can be
tight, and can indicate limitson neural network training errors. Much work remainsbeforethe CRM
bounds can be applied to applicationsin control and prediction. Most importantly, we must find

ways to calculate valid bounds when the deterministic signal model is not bijective.
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